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Doping a topological quantum spin liquid: slow holes in the Kitaev honeycomb model
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We present a controlled microscopic study of mobile holes in the spatially anisotropic (Abelian) gapped phase
of the Kitaev honeycomb model. We address the properties of (i) a single hole [its internal degrees of freedom
as well as its hopping properties]; (ii) a pair of holes [their (relative) particle statistics and interactions]; (iii) the
collective state for a finite density of holes. We find that each hole in the doped model has an eight-dimensional
internal space, characterized by three internal quantum numbers: the first two “fractional” quantum numbers
describe the binding to the hole of the fractional excitations (fluxes and fermions) of the undoped model, while
the third “spin” quantum number determines the local magnetization around the hole. The fractional quantum
numbers also encode fundamentally distinct particle properties, topologically robust against small local per-
turbations: some holes are free to hop in two dimensions, while others are confined to hop in one dimension
only; distinct hole types have different particle statistics, and in particular, some of them exhibit non-trivial
(anyonic) relative statistics. These particle properties in turn determine the physical properties of the multi-hole
ground state at finite doping, and we identify two distinct ground states with different hole types that are stable
for different model parameters. The respective hopping dimensionalities manifest themselves in an electrical
conductivity approximately isotropic in one ground state and extremely anisotropic in the other one. We also
compare our microscopic study with related mean-field treatments, and discuss the main discrepancies between
the two approaches, which in particular involve the possibility of binding fractional excitations as well as the par-
ticle statistics of the holes. On a technical level, we describe the hopping of mobile holes via a quasi-stationary
approach, where effective hopping matrix elements are calculated between ground states with stationary holes
at different positions. This approach relies on the fact that the model remains exactly solvable in the presence
of stationary holes, and that the motion of sufficiently slow holes does not generate bulk excitations in a gapped
phase. When the bare hopping amplitude is much smaller than the energy gap, many of our results, in particular
those on the hopping properties and the particle statistics, are exact.
I. INTRODUCTION
The behavior of a Mott insulator upon doping remains one
of the constitutive open questions in the physics of strongly-
correlated electrons.1,2 Historically, this is in large part due to
the identification of this issue2,3 as being central to the under-
standing of high-temperature superconductors.4 Indeed, it has
been recognized that Mott insulators can enter a broad range
of spin states, some of which are considerably more exotic
than the familiar antiferromagnetic Ne´el state.5 In particular,
Anderson suggested6 that the parent state of high-temperature
superconductors is a resonating-valence-bond (RVB) liquid
state7 with no conventional order. This suggestion in turn pro-
vided motivation for the study of such unconventional spin
states,2,8 and it has been established9,10 that the RVB liq-
uid state belongs to the class of fractional11 topological12
states. The effective low-energy excitations above these non-
symmetry-breaking topological states are fractional in the
sense that they carry only a fraction of the spin and charge
quantum numbers that characterize a single electron.11 The
simplest example of such low-energy fractionalization is spin-
charge separation in the case of the RVB liquid, where the
elementary excitations are neutral spinful fermions (spinons)
and charged spinless bosons (holons).9 For a doped topologi-
cal state, it is then natural to ask how the hopping of an extra
electron or a missing electron (hole) translates into the dynam-
ics of these fractional excitations.
In this work, we provide a controlled and microscopic anal-
ysis of mobile holes hopping in a topological quantum spin
liquid containing such fractional excitations. We are primar-
ily interested in the internal degrees of freedom possessed
by these holes, their manifestations in the single-particle be-
havior such as hopping properties and particle statistics, and
their consequences for the multi-particle ground state that de-
termines the observable physical properties. Our approach
is complementary to previous phenomenological works on
doped topological states as we study the exactly solvable Ki-
taev honeycomb model.13 This two-dimensional quantum spin
model has a topological spin-liquid ground state with frac-
tional excitations,13 and it also remains exactly solvable in the
presence of vacancies.14 Since our approach is applicable only
in the regime of slow hopping when the hopping amplitude
is much smaller than the energy gap of the elementary exci-
tations, we restrict our attention to the spatially anisotropic
(Abelian) gapped phase of the model. For a recent numerical
work on the spatially isotropic gapless phase, see the exact-
diagonalization study by Trousselet et al.15
There is an additional methodological interest in this work
as the Kitaev honeycomb model lies at the intersection of an
exact microscopic solution and a standard phenomenological
treatment in terms of RVB trial wave functions16 that is ap-
plicable to doped Mott insulators in general. The trial wave
function can optimize the magnetic interaction energy via
(anti)ferromagnetic pairing, while a subsequent mean-field
decomposition naturally leads to a BCS-type Hamiltonian. In
the absence of doping, the constraint of single occupancy is
enforced by an appropriate (numerical or approximate) pro-
jection procedure,16,17 while in the presence of doping, this
projection procedure requires softening.
In this framework, low-energy fractionalization in uncon-
ventional spin states is typically captured by a slave-particle
2(parton) construction, in which electrons are represented by
combinations of fractional degrees of freedom such as spinons
and holons.18 Depending on the precise forms of the slave-
particle construction and the subsequent mean-field decom-
position, several distinct slave-particle mean-field theories can
be constructed for the same Hamiltonian. The possible mean-
field saddle points are most efficiently classified in the frame-
work of projective symmetry groups,18 while the fluctuations
around these mean-field saddle points generally give rise to
gauge theories.18,19 Importantly, there are an extremely large
number of distinct saddle points,20 and it is hard to decide
which of these saddle points are stable.21 Given a Hamilto-
nian, it is not clear how to choose the most relevant saddle
point, and therefore the construction of a slave-particle mean-
field theory is not a fully controlled procedure.
The doped Kitaev honeycomb model has been studied
extensively in the framework of slave-particle mean-field
theories,22,23 and in particular, the mean-field construction by
You et al. recovers the exact ground-state correlations in the
limit of the undoped model.23 Since the exact microscopic so-
lution and the phenomenological mean-field construction co-
incide at this natural starting point of the investigation, the
setting of the Kitaev honeycomb model provides a controlled
way of clarifying the relation between the microscopic and the
phenomenological approaches.
Our most important results about the properties of single
mobile holes are summarized in Table I. In particular, we find
that the holes in the doped model possess internal degrees of
freedom because they can bind the fractional excitations of the
undoped model. The holes therefore carry fractional quantum
numbers, and these quantum numbers are robust against small
local perturbations as they are associated with the superselec-
tion sectors of the model. Crucially, the distinct hole types
with different quantum numbers have fundamentally different
single-particle properties. Depending on their quantum num-
bers, holes can be either bosons or fermions, while holes with
distinct quantum numbers can have non-trivial (anyonic) rela-
tive statistics. Furthermore, the various hole types have strik-
ingly different hopping properties. Specifically, the hopping
dimensionality is a function of the hole type: certain holes are
free to hop in two dimensions, while others are confined to
hop in one dimension only.
The internal degrees of freedom have a crucial effect on
the physical properties of the doped model, and the fractional
quantum numbers in the multi-particle ground state depend on
the model parameters. This means that bare holes can be in-
duced to bind fractional excitations in the ground state24 and
that the presence of the resulting composite particles is ob-
servable in the physical properties. Importantly, our results
can also be juxtaposed to those obtained from related slave-
particle mean-field theories. The most closely related mean-
field treatment in Ref. 23 studies the isotropic gapless phase of
the same model, and two significant observations arise from
a careful comparison between the two approaches. First, the
mean-field treatment unsurprisingly fails to capture the for-
mation of composite particles consisting of bare holes and
fractional excitations. Second, the particle statistics of bare
holes are different in the two approaches: we find that they
are fermions, while they are taken to be bosons by the slave-
particle construction of Ref. 23.
The structure of the paper is as follows. In Sec. II, we pro-
vide an extended summary of our most important results. In
Secs. III and IV, we review the general properties of the un-
doped Kitaev honeycomb model and its spatially anisotropic
gapped phase, respectively. In Sec. V, we introduce station-
ary holes into the model and specify their internal degrees of
freedom. In Sec. VI, we discuss the single-particle behavior
of slow mobile holes, including their hopping properties and
particle statistics. In Sec. VII, we describe the multi-particle
ground state and the resulting physical properties of the doped
model. In Sec. VIII, we qualitatively consider mobile holes
beyond the regime of slow hopping. In Sec. IX, we compare
our exact microscopic results with the corresponding mean-
field results in Ref. 23. Finally, in Sec. X, we conclude the
paper with suggestions for future research.
II. EXTENDED SUMMARY
We now provide an extended summary of our most impor-
tant results. The next two sections review the undoped Kitaev
honeycomb model as background for the new results in the re-
maining sections. In Sec. III, we introduce the model and de-
scribe its exact solution. It is recalled that the ground state of
the model has a topological degeneracy and that the elemen-
tary excitations above the ground state are fractional as they
can only be created in pairs. There are two kinds of elemen-
tary excitations: fluxes, which always have a gapped energy
spectrum, and fermions, which have a gapped or a gapless
energy spectrum, depending on the model parameters. From
Sec. IV, we restrict our attention to the gapped phase of the
model, which is characterized by a gapped energy spectrum
for both fluxes and fermions. We refer to a simple limiting
point in this phase, the isolated dimer limit, where the model
consists of infinitesimally coupled spin dimers. Furthermore,
we explain the notion of superselection sectors to quantify the
fractional nature of isolated excitation clusters.
In Sec. V, we introduce the formalism for describing holes,
and discuss how the elementary degrees of freedom (modes)
are affected by the presence of n holes. The main result of
this section is that each hole in the model has three localized
internal modes at much smaller energies than the remaining
bulk modes (fluxes and fermions). Excitations in these three
internal modes are characterized by three internal quantum
numbers: the flux quantum number h = {0, 1}, the fermion
quantum number q = {0, 1}, and the plaquette quantum num-
ber p = {0, 1}. The quantum numbers h and q specify the
kinds of fractional excitations (fluxes and fermions) bound to
the hole. They therefore determine its superselection sector
via an equivalent excitation cluster (see Table I). The quan-
tum number p is related to the discrete spin-rotation symme-
try σx,z → −σx,z . It therefore acts as a spin quantum number
and determines the local magnetization around the hole. Since
h and q quantify the fractional nature of the hole, they are ro-
bust against arbitrary local perturbations of sufficiently small
strength. This robustness does not extend to p in general, but
3Hole type Interpretation Superselection sector Hopping dimensionality Absolute statistics Relative statistics
h = 0
q = 0 Bare hole Trivial (1) 2D (free & isotropic) Fermion Trivial
q = 1 Hole + fermion Combined (e×m) 2D (free & anisotropic) Boson Non-trivial
h = 1
q = 0 Hole + flux Electric (e) 1D (confined) Fermion Non-trivial
q = 1 Hole + flux + fermion Magnetic (m) 1D (confined) Fermion Non-trivial
TABLE I: Summary of the most important hole properties for different combinations of the flux quantum number h = {0, 1} and the fermion
quantum number q = {0, 1}: interpretations in terms of elementary excitations bound, superselection sectors of equivalent excitation clusters,
generic hopping properties (see details in Fig. 8), absolute particle statistics, and relative particle statistics (see details in Table VII).
it does so in the important special case of a Heisenberg pertur-
bation. We also consider interactions between holes and find
an attractive two-hole interaction that is diagonal in h and p
but not in q. To ensure that holes do not undergo pair forma-
tion or phase separation, we implicitly assume the presence of
a sufficiently strong Coulomb repulsion as well.
In Sec. VI, we introduce the formalism for describing hole
hopping, and discuss the hopping properties of isolated holes
in the model. Our approach is restricted to the regime of slow
hopping, where the bulk modes are not excited as the hopping
amplitude is much smaller than their energy gap. This section
has two main results. First, the internal quantum numbers h,
q, and p are all conserved by the hopping. The various hole
types with different quantum numbers can therefore be treated
as distinct particles. Second, the hopping properties of a hole
are unaffected by its quantum number p but are strikingly af-
fected by its quantum numbers h and q. Since the model is
spatially anisotropic in the gapped phase, the two perpendic-
ular dimensions of the lattice are not equivalent. At a generic
point of the gapped phase, h = 0 holes are free to hop in
two dimensions, while h = 1 holes are confined to hop in
one dimension only (see Table I). Restricting our attention to
h = 0 holes, the two-dimensional hopping problem of q = 0
holes is approximately isotropic, while that of q = 1 holes is
strongly anisotropic. This difference is amplified in the iso-
lated dimer limit, where q = 0 holes remain free to hop in two
dimensions, while q = 1 holes become confined to hop in one
dimension only. We also determine the absolute and the rel-
ative particle statistics of the various hole types (see Table I),
and provide an intuitive explanation for our results by refer-
ring to the fermionic nature of the bare holes and the anyonic
nature of the fractional excitations bound to them.
In Sec. VII, we describe the multi-hole state representing
a finite density of mobile holes, and determine the ground-
state hole quantum numbers h, q, and p that minimize the en-
ergy of such a multi-hole state. In the absence of hole inter-
actions, there are two complementary regimes distinguished
by the model parameters. In the first regime, all holes in the
ground state are fermions with quantum numbers h = 0 and
q = 0. They therefore fill two identical Fermi seas with differ-
ent quantum numbers p = {0, 1}. Since these holes are free to
hop in two dimensions, the electrical conductivity is approxi-
mately isotropic. In the second regime, all holes in the ground
state are fermions with quantum numbers h = 1. They there-
fore fill four identical Fermi seas with different quantum num-
bers q = {0, 1} and p = {0, 1}. Since these holes are confined
to hop in one dimension only, the electrical conductivity is ex-
tremely anisotropic. The two complementary regimes remain
applicable in the presence of hole interactions as both the at-
tractive interaction and the Coulomb repulsion are diagonal
in the quantum number h. In the first regime, a mean-field
treatment restricted to h = 0 holes reveals that there is a criti-
cal hole density above which q = 1 holes appear. Since these
holes are bosons, their coherent condensation leads to charged
superfluid behavior and a spontaneous net magnetization. In
the second regime, a mean-field treatment restricted to h = 1
holes reveals that scattering between coexisting q = 0 holes
and q = 1 holes facilitates hopping in both dimensions of the
lattice. This implies that the conductivity anisotropy becomes
weaker as the hole density is increased.
In Sec. VIII, we qualitatively discuss hole hopping beyond
the regime of slow hopping, where the bulk modes are excited
as the hopping amplitude is larger than their energy gap. Each
hole is then surrounded by a cloud of fluctuating excitations
(fluxes and fermions), but the internal quantum numbers h, q,
and p are applicable as long as the hole density is sufficiently
small so that the excitation clouds around different holes do
not merge. However, any hole with quantum numbers other
than h = 0 and q = 0 is unstable against a spontaneous decay
into a lower-energy hole with h = 0 and q = 0.
In Sec. IX, we compare our results from the exact descrip-
tion with those in Ref. 23 that are obtained from a mean-field
treatment. By contrasting the respective ground states, we find
two main discrepancies between the two approaches. First,
the quantum numbers h and q that specify the kinds of frac-
tional excitations bound to the hole are captured in the ex-
act description but ignored in the mean-field treatment. Sec-
ond, the two approaches predict different particle statistics for
holes with h = 0 and q = 0: they are fermions in the exact
description but bosons in the mean-field treatment.
III. KITAEV HONEYCOMB MODEL
A. Introduction of the model
The Kitaev honeycomb model is an exactly solvable two-
dimensional quantum spin model.13 Each site of the underly-
ing honeycomb lattice supports a spin one-half degree of free-
dom (particle), and each spin is coupled to its three neighbors
by Ising interactions involving the three different spin compo-
nents. The sites of the bipartite lattice can be divided into two
sublattices A and B, while the bonds can be divided into three
4X
Y
x y
z
FIG. 1: (Color online) Illustration of the honeycomb lattice with di-
mensions NX = 5 and NY = 4. Due to the periodic boundary
conditions in the X and Y directions, several sites are identified with
each other, such as the three sites marked by red rectangles and the
three sites marked by blue triangles. Inequivalent sites in the sublat-
tice A (B) are marked by white (black) dots. Examples of the three
bond types (x, y, z) are also indicated.
classes x, y, and z based on their orientations (see Fig. 1). If
αl,l′ = {x, y, z} gives the type of the bond connecting two
neighboring sites l and l′, each site l has three neighbors α˜(l)
with α˜ = {x, y, z} such that αl,α˜(l) = α˜. Using this notation,
the Hamiltonian of the model reads as
Hσ = −
∑
l∈A
∑
α=x,y,z
Jασ
α
l σ
α
α(l), (1)
where σαl are the physical (Pauli) spin operators, and Jx,y,z
are the Ising coupling strengths on the x, y, and z bonds, re-
spectively. In the following, we assume without loss of gener-
ality that 0 ≤ Jx ≤ Jy ≤ Jz = 1.
We consider a lattice with periodic boundary conditions in
both the horizontal (X) and the vertical (Y ) directions. The
NX ×NY lattice has N ≡ NXNY plaquettes, 2N sites, and
3N bonds (see Fig. 1). Based on their relative displacements
in the X direction, the horizontal plaquette stripes of the lat-
tice can be divided into two classes, even and odd, such that an
even (odd) stripe is neighbored only by odd (even) stripes. We
assume that NY is even so that periodic boundary conditions
are applicable in the Y direction without a stripe mismatch be-
tween the top and the bottom of the lattice. Note though that
these boundary conditions are specified only for the purpose
of completeness and that our main results are in fact indepen-
dent of the boundary conditions.
B. Flux degrees of freedom
The Hamiltonian in Eq. (1) can be solved exactly by means
of a standard procedure.13 The first step is to notice that there
is a commuting non-dynamic observable WC for each closed
loop C of the lattice. For a loop C containing L sites labeled
{1, 2, . . . , L}, this non-dynamic observable is
WC = σ
α1,2
1 σ
α1,2
2 σ
α2,3
2 σ
α2,3
3 . . . σ
αL,1
L σ
αL,1
1 . (2)
Since the lattice is bipartite, the length L of the loop is always
even. We also assume in the following that sites labeled with
1
2
3
4 2NX
1
1
2
3
4
5
2NY –1
2NY
1
1
2
3
4
5
6
(a) (c)
(b)
FIG. 2: Site labeling convention for the generators of the loop oper-
ator group: the plaquette operators WP (a) and the topological oper-
ators WX (b) and WY (c).
odd (even) numbers belong to the sublattice A (B).
The loop operators WC are commuting non-dynamic ob-
servables because they commute with each other as well as
the HamiltonianHσ. This means that the different flux sectors
characterized by distinct eigenvalues (±1) of the loop opera-
tors can be considered independently. Furthermore, the group
spanned by all loop operators is generated by a finite number
of Z2 loop operators: those corresponding to the plaquettes P
and the topological strings X and Y going around the lattice
in the X and Y directions. Using the site labeling convention
in Fig. 2, these generating loop operators take the forms
WP = σ
x
1σ
y
2σ
z
3σ
x
4σ
y
5σ
z
6 ,
WX = −σz1σz2σz3 . . . σz2NX , (3)
WY = −σx1σy2σy3σx4σx5σy6σy7σx8 . . . σy2NY −1σx2NY .
Importantly, there are only N − 1 independent plaquette op-
erators due to the global constraint
∏
P WP = 1. This means
that only N + 1 flux degrees of freedom are found for the
original 2N spin degrees of freedom and that the remaining
N−1 degrees of freedom still need to be identified. Note also
that the excitation energies corresponding to the flux degrees
of freedom are discussed in Secs. III D and IV A.
C. Fermion degrees of freedom
To solve the model exactly in each flux sector {WC = ±1},
four Majorana fermions are introduced at each site l of the lat-
tice: cl and bαl with α = x, y, z.13 The corresponding opera-
tors satisfy the standard anticommutation relations
{
bαl , b
α′
l′
}
= 2δll′δαα′ ,
(
bαl
)2
= 1,{
cl, cl′
}
= 2δll′ , c
2
l = 1, (4){
bαl , cl′
}
= 0.
The physical spin operators are then expressed in terms of the
Majorana fermions as σαl = ibαl cl. From this expression and
the relations in Eq. (4), certain properties of the spin opera-
tors can be immediately recovered: [σαl , σα
′
l′ ] = 0 for l 6= l′,
{σαl , σα
′
l } = 0 for α 6= α′, and (σαl )2 = 1.
Since complex fermions are more straightforward to under-
stand than Majorana fermions, it is useful to construct com-
5plex fermions by pairing up the Majorana fermions in an ap-
propriate manner. Each Majorana fermion bαl belongs to an
end of a bond, and the standard choice is to pair up the ones
that belong to the two ends of the same bond. For each site
l ∈ A, three complex bond fermions are then obtained as
χαl =
1
2
[
bαl − ibαα(l)
]
, (χαl )
†
=
1
2
[
bαl + ib
α
α(l)
]
. (5)
Each Majorana fermion cl belongs to a site, and the standard
choice is to pair up the ones that belong to any two sites con-
nected by a z bond. In terms of cl,A ≡ cl and cl,B ≡ cz(l) that
are defined for each site l ∈ A, one complex matter fermion
is then obtained for each pair of sites as
fl =
1
2
(cl,A + icl,B) , f
†
l =
1
2
(cl,A − icl,B) . (6)
The state of the bond fermion χαl can be measured with the
bond fermion operator ibαl bαα(l) = 1 − 2(χαl )†χαl , while the
state of the matter fermion fl can be measured with the mat-
ter fermion operator −icl,Acl,B = 1 − 2f †l fl. We say that a
bond (matter) fermion is excited if its bond (matter) fermion
operator takes an eigenvalue−1 rather than +1.
When expressed in terms of the Majorana fermions, the
Hamiltonian in Eq. (1) takes the form
Huˆ = i
∑
l∈A
∑
α=x,y,z
Jαuˆl,α(l)clcα(l), (7)
where the 3N bond fermion operators uˆl,α(l) ≡ ibαl bαα(l) are
commuting non-dynamic observables because they commute
with each other as well as the Hamiltonian Huˆ. This means
that the different bond fermion sectors characterized by dis-
tinct eigenvalues (±1) of the bond fermion operators can be
considered independently. On the other hand, the Hamilto-
nian Huˆ is quadratic and hence exactly solvable in each bond
fermion sector {ul,α(l) ≡ 〈uˆl,α(l)〉 = ±1}. If the Majorana
fermions cl corresponding to the two sublattices are incorpo-
rated into two vectors cA,B with elements (cA)l = cl,A and
(cB)l = cl,B , the Hamiltonian in Eq. (7) becomes
Hu = ic
T
A ·M · cB, Mll′ = ul,z(l′)Jαl,z(l′) , (8)
where Jαl,z(l′) = 0 if l and z(l
′) are not neighbors. The matrix
M has a singular value decompositionM = U ·S ·V T , where
S is a positive-semidefinite diagonal matrix, while U and V
are real orthogonal matrices. We assume in the following that
the singular values Sk ≡ Skk are in an increasing order such
that 0 ≤ S1 ≤ S2 ≤ . . . ≤ SN . The orthogonal matrices U
and V give a new set of Majorana fermions as
γk,A =
∑
l∈A
Ulkcl,A, γk,B =
∑
l∈A
Vlkcl,B, (9)
and the corresponding complex matter fermions become
φk =
1
2
(γk,A + iγk,B) , φ
†
k =
1
2
(γk,A − iγk,B) . (10)
In terms of these new matter fermions φk, the Hamiltonian in
Eq. (8) takes the free-fermion form
Hu =
N∑
k=1
Sk
(
2φ†kφk − 1
)
. (11)
The ground-state energy in the given bond fermion sector is
then −∑k Sk, and the elementary excitations are the free
matter fermions φk with excitation energies 2Sk.
It is important to understand the relation between the com-
muting non-dynamic observables in the physical spin picture
and the Majorana fermion picture: the loop operators and the
bond fermion operators, or equivalently, the flux sectors and
the bond fermion sectors. When expressed in terms of the
Majorana fermions, the loop operators WC take the form
WC = b
α1,2
1 b
α1,2
2 b
α2,3
2 b
α2,3
3 . . . b
αL,1
L b
αL,1
1 (12)
= uˆ1,2uˆ3,2uˆ3,4uˆ5,4 . . . uˆL−1,Luˆ1,L,
and in particular, the plaquette operators WP become
WP = uˆ1,2uˆ3,2uˆ3,4uˆ5,4uˆ5,6uˆ1,6. (13)
These expressions show that the non-dynamic observables in
the physical spin picture are uniquely determined by those in
the Majorana fermion picture. However, the converse can not
be true because there are 3N bond fermion operators in the
Majorana fermion picture for only N+1 loop operators in the
physical spin picture. In fact, there is a gauge transformation
Dl ≡ bxl byl bzl cl for each site l that flips three bond fermions
but does not flip any loops. This means that the bond fermion
sectors before and after the gauge transformation correspond
to the same flux sector. Since D ≡ ∏lDl does not flip any
bond fermions, there are 2N − 1 independent gauge trans-
formations Dl, and the discrepancy between the numbers of
non-dynamic observables is thus explained.
The gauge redundancy in the Majorana fermion picture fol-
lows from an enlarged Hilbert space with respect to the physi-
cal spin picture. In particular, the Hilbert space of a single site
is 4 dimensional in the Majorana fermion picture and only 2
dimensional in the physical spin picture. This discrepancy is
consistent with the fact that the spin identity −iσxl σyl σzl ≡ 1
in the physical spin picture translates into the gauge constraint
Dl = +1 in the Majorana fermion picture. In fact, all the
states in the Majorana fermion picture that are related to each
other by gauge transformationsDl are equivalent descriptions
of the same state in the physical spin picture. This physical
state can be obtained from any of the gauge-related states by
a projection onto the subspace with Dl = +1 for all l. The
corresponding projection operator takes the form
P =
∏
l
(
1 +Dl
2
)
= P ′ (1 +D) , (14)
whereP ′ contains all terms in P that flip bond fermions in in-
equivalent ways.25 SinceD = (−1)Nχ+Nf when expressed in
terms of the bond fermion number Nχ ≡
∑
α
∑
l∈A(χ
α
l )
†χαl
and the matter fermion number Nf ≡
∑
l∈A f
†
l fl, any states
6with odd total fermion number are projected to zero. There
is a resulting global constraint for physical states: the to-
tal fermion number Nχ + Nf must be even. In each bond
fermion sector with an even (odd) number of excited bond
fermions, the number of excited matter fermions also must be
even (odd). This means that only N − 1 matter fermions can
be excited independently from each other. The original 2N
spin degrees of freedom are then fully recovered via the iden-
tification of the 2N natural degrees of freedom in the model:
the N + 1 fluxes and the N − 1 fermions.
D. Ground state and excitations
The exact solution of the model provides a simple proce-
dure for identifying its ground state.13 Each flux sector can be
considered individually and represented with one of its corre-
sponding bond fermion sectors. The ground state in the flux
sector is then projected from that in the bond fermion sector
(see Sec. III C), and the overall ground state is the lowest ly-
ing of all these individual ground states. Furthermore, it can
be shown using translational invariance that the ground state
is in the trivial flux sector: the one in which WP = +1 for
all plaquettes.26 The ground-state energy Γ0 is then −
∑
k Sk
as obtained from the matrix M in Eq. (8) using the trivial
bond fermion sector: the one in which ul,α(l) = +1 for all
bonds. Note that there are in principle four trivial flux sectors
corresponding to the topological eigenvalues WX,Y = ±1
and that this leads to the existence of four degenerate ground
states. However, the topological degrees of freedom are im-
possible to excite locally. We therefore neglect them in the fol-
lowing by considering only the trivial topological sector with
WX = WY = +1. This means that the effective number of
degrees of freedom is reduced to 2N − 2.
It is also revealed by the exact solution that the elementary
excitations above the ground state are plaquettes (fluxes) and
fermions.13 We say that a plaquetteP is excited (carries a flux)
if its plaquette operator WP takes an eigenvalue −1 rather
than +1. In the presence of flux excitations, the flux sector
can no longer be represented with the trivial bond fermion
sector, and the energy −∑k Sk is larger than Γ0. This dif-
ference translates into a finite flux excitation energy. Note
that fluxes can only be excited pairwise due to the global con-
straint
∏
P WP = 1. The matter fermion excitations φk have
excitation energies Ek ≡ 2Sk, and by considering the distri-
bution of these energies, two distinct phases of the model can
be identified. In the gapless phase with Jz < Jx + Jy , the
smallest excitation energies Ek vanish in the thermodynamic
limit. In the gapped phase with Jz > Jx + Jy , the excitation
energies Ek are all finite in the thermodynamic limit. Note
that fermions can only be excited pairwise due to the global
constraint that Nχ +Nf must be even.
IV. GAPPED PHASE OF THE MODEL
In the following, we restrict our attention to the gapped
phase of the Kitaev honeycomb model, where the coupling
strengths satisfy Jx + Jy < Jz . Since all fluxes and fermions
have finite excitation energies, the ground state in this phase
is separated from the excited states by a finite energy gap. We
measure all energies in units of the largest coupling strength
Jz = 1 and choose the two smaller coupling strengths Jx,y to
be equal. The model is then parameterized by the dimension-
less coupling strength J ≡ Jx = Jy < 1/2.
A. Isolated dimer limit
When considering the gapped phase, it is useful to start any
discussion in the isolated dimer limit of J = 0. In this limit,
the model separates into N isolated (non-interacting) spin
dimers along z bonds.27 Since the two spins in any dimer are
coupled by a ferromagnetic Ising term −σzl σzz(l), they must
be either both up or both down in the ground state. However,
there is still an exponentially large ground-state degeneracy as
each dimer can choose from two configurations. This degen-
eracy can then be lifted by applying a perturbation theory in
the dimensionless coupling strength J ≪ 1.14 At fourth or-
der in J , the projection of the Hamiltonian in Eq. (1) onto the
degenerate ground-state subspace is
H˜σ = −N − C˜(N, J)− J
4
16
∑
P
WP . (15)
The first term is the ground-state energy at J = 0 and the
remaining terms are the perturbative corrections: the con-
stant term C˜(N, J) shifts the energy of the entire subspace,
while the last term lifts the ground-state degeneracy by speci-
fying the flux sector. In accordance with Sec. III D, the actual
ground state has WP = +1 for all plaquettes.
It is instructive to write this ground state |Ω〉 in terms of
both the physical spins and the Majorana fermions. In the
physical spin picture, it can be obtained by a projection from
any state with σzl σzz(l) = +1 for all dimers onto the subspace
with WP = +1 for all plaquettes. For example, by projecting
from the all-spins-up state | ⇑〉, the ground state becomes
|Ω〉 =
∏
P
(
1 +WP
2
)
| ⇑〉. (16)
In the Majorana fermion picture, the trivial flux sector is repre-
sented with the trivial bond fermion sector, and the matrix M
in Eq. (8) is the unit matrix. Since the free matter fermions φk
in Eq. (10) are then identical to the original matter fermions fl
in Eq. (6), the ground state is the vacuum of the bond fermions
and the original matter fermions. Formally, this vacuum state
|0〉 is defined by χαl |0〉 = 0 and fl|0〉 = 0 for all l and α. The
physical ground state in Eq. (16) is then |Ω〉 = P|0〉.
The excitations above the ground state can be discussed in
a similar manner. The flux excitations are obtained by pro-
jecting onto a subspace with excited plaquettes WP = −1
in the physical spin picture and by exciting an appropriate
set of bond fermions in the Majorana fermion picture. Due
to the presence of the gauge transformations Dl, it is possi-
ble to represent any flux sector with a bond fermion sector in
7which only x and y bond fermions are excited. Since the ma-
trix M in Eq. (8) does not depend on these bond fermions
for J = 0, we recover the result in Eq. (15) that the flux
excitation energies EP ∼ J4 vanish when J → 0. The
fermion excitations are obtained by projecting from a state
with broken dimers σzl σzz(l) = −1 in the physical spin pic-
ture and by exciting the corresponding matter fermions in
the Majorana fermion picture. Since ul,z(l) = +1 for all
dimers when only x and y bond fermions are excited, the re-
lation σzl σzz(l) = uˆl,z(l)(1 − 2f †l fl) shows that excited matter
fermions indeed correspond to broken dimers. Furthermore,
it follows from both pictures that these fermion excitations all
have exactly the same energy Ef = 2.
It is a conceptual problem that we require J > 0 for a finite
plaquette excitation energy but J = 0 for the presence of the
isolated dimers. In fact, since the localized matter fermions at
J = 0 all have the same excitation energy, even an infinitesi-
mally small perturbation J ≪ 1 is enough to delocalize them
across the entire lattice and have them form a band of a small
width ∆Ef ∼ J . This implies that the free (delocalized) mat-
ter fermions φk and the original (localized) matter fermions
fl are entirely different for any J > 0. To obtain the ground
state at J > 0, the vacuum state |0〉 is then projected onto the
subspace where no free matter fermions φk are excited. Using
this method, the physical ground state takes the form
|Ω〉 = P
N∏
k=1
(
φkφ
†
k
)
|0〉. (17)
Although the perturbation mixes the various creation opera-
tors, and consequently, the various annihilation operators to-
gether, it does not significantly mix the creation operators with
the annihilation operators. This implies that the J > 0 ground
state in Eq. (17) is close to the J = 0 ground state P|0〉 and
can be described faithfully in terms of the localized matter
fermions. In the following, we therefore often simultaneously
assume a finite plaquette excitation energy and localized mat-
ter fermions, always mentioning when the perturbative inter-
actions between the matter fermions are important.
B. Global constraints and superselection sectors
The numbers of independent flux and fermion excitations
are limited by two essential global constraints. In the physical
spin picture, these two constraints can be obtained by noticing
that the product of all plaquette operators WP corresponding
to plaquettes in even (η) stripes, or alternatively, plaquettes in
odd (µ) stripes is equivalent to the product of all dimer opera-
tors λl ≡ σzl σzz(l). Mathematically, these two relations are∏
P∈η
WP =
∏
P∈µ
WP =
∏
l∈A
λl. (18)
Since the WP and the λl are all Z2 variables, the first equality
recovers the global constraint
∏
P WP = 1, while the second
equality becomes
∏
l∈A λl
∏
P∈µWP = 1. In the Majorana
fermion picture, the first equality is automatically satisfied be-
cause uˆ2l,α(l) = 1 for all bonds. The second equality can be
understood by noticing that an excited z bond fermion corre-
sponds to two excited plaquettes that are either both in an even
stripe or both in an odd stripe while an excited x or y bond
fermion corresponds to one excited plaquette in an even stripe
and one excited plaquette in an odd stripe. Since this property
translates into
∏
P∈µWP = (−1)Nχx+Nχy and the relation
λl = uˆl,z(l)(1− 2f †l fl) implies
∏
l∈A λl = (−1)Nχz+Nf , the
second equality recovers the global constraint that Nχ + Nf
must be even for physical states.
There is an alternative formulation of the global constraints
given in Eq. (18) where one electric (magnetic) charge e (m)
is assigned to each excited plaquette in an even (odd) stripe
and one from both charges e and m is assigned to each broken
dimer. The global constraints in this formulation are that the
total numbers of electric charges (Ne) and magnetic charges
(Nm) both must be even.13 In particular, if there are isolated
clusters of excitations in the lattice, each of them can be clas-
sified into four superselection sectors based on the types of
unpaired charges it contains: trivial (1), electric (e), magnetic
(m), and combined (ε ≡ e ×m). When different clusters are
combined, the superselection sector of the combined cluster is
given by the fusion rules in Table II. Using this language, the
global constraints mean that the combination of all clusters
belongs to the trivial superselection sector 1.
1 e m ε
1 1 e m ε
e e 1 ε m
m m ε 1 e
ε ε m e 1
TABLE II: Fusion rules governing the combination of superselection
sectors when different excitation clusters are combined.
The most important property of the superselection sectors is
that they are robust against arbitrary local perturbations. Since
a local perturbation acts only within one excitation cluster, it
could only change the superselection sector of the cluster by
also violating at least one global constraint. The superselec-
tion sector of an excitation cluster can then only be changed
by a non-local perturbation that also changes the superselec-
tion sector of a different cluster or creates an additional cluster
with a non-trivial superselection sector.
V. STATIONARY HOLES
A. Description of holes
We introduce n holes into the Kitaev honeycomb model by
removing the spin one-half particles from n sites of the honey-
comb lattice. For the model with n > 0 holes, the exact solu-
tion in Sec. III is still applicable, but it needs to be performed
in a different way because there are no Majorana fermions
at the hole sites.14 It is then not clear how to construct com-
8plex fermions from the remaining Majorana fermions, and the
bond fermion operators, or equivalently, the plaquette opera-
tors acting on the hole sites become ill-defined.
To fix this problem, we use an alternative description: the
spin one-half particles are not actually removed from the hole
sites, but only their Ising interactions with their neighbors are
switched off. This way, we obtain 2n copies of the original
model that correspond to the different configurations of the
n non-interacting hole spins. Since there are still Majorana
fermions at all sites, the bond fermion operators and the pla-
quette operators remain well-defined. This means that the ex-
act solution can be performed in exactly the same way as in
Sec. III. However, there is an additional 2n-fold degeneracy
due to the presence of the non-interacting hole spins, which is
unphysical and hence must be discarded.
Formally, we can demand all hole spins to be in the spin-
up state: σzl = +1 for all sites l ∈ ∆, where ∆ is the set of
hole sites. To obtain a physical state, we then need to use the
appropriate projection operator, which takes the form
Q∆ =
∏
l∈∆
(
1 + σzl
2
)
=
∏
l∈∆
(
1 + ibzl cl
2
)
. (19)
Note that the treatment of the unphysical hole spins is com-
pletely analogous to the treatment of the unphysical Majorana
fermions. In the Majorana fermion picture, different states
corresponding to the same state in the physical spin picture
are related by gauge transformations Dl. We can work in dif-
ferent gauges and then use the projector P to enforce the con-
straint Dl = +1 at all sites. In the hole spin picture, different
states corresponding to the same state in the actual hole pic-
ture are related by gauge transformations σzl∈∆. We can work
in different gauges and then use the projector Q∆ to enforce
the constraint σzl = +1 at all hole sites.
B. Internal degrees of freedom
We now investigate how the excitations above the ground
state as discussed in Sec. III D are affected by the introduction
of n > 0 holes into the model. Since each hole corresponds to
one fewer spin degree of freedom and the topological degrees
of freedom are neglected, the total number of Z2 degrees of
freedom (modes) is 2N − n − 2. We restrict our attention to
the thermodynamic limit of NX,Y → ∞ and assume that the
holes in the model are isolated such that the smallest distance
between any two holes is R≫ 1.
In the presence of n > 0 holes, we distinguish two types
of plaquettes: hole plaquettes that contain one hole site each
and bulk plaquettes that contain no hole sites. Each hole site
l ∈ ∆ is contained by three plaquettes P x,y,zl whose corre-
sponding plaquette operatorsWPx,y,z
l
act on the hole site with
σx,y,zl , respectively. The number of hole plaquettes is there-
fore 3n and the number of bulk plaquettes is N − 3n. From
a perturbation theory in J ≪ 1, there is a finite excitation
energy EP ∼ +J4 for bulk plaquettes and no excitation en-
ergy for hole plaquettes. However, at each hole site l ∈ ∆,
there is a finite excitation energyEQ ∼ −J8 for the hole loop
+ +
+
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+ ––
–
+
–
FIG. 3: Simultaneous gauge transformations Dl and σzl relating the
bond fermion sectors around a hole site l ∈ ∆ (white dot) when there
is no flux bound to the hole. Each bond fermion sector is labeled
with the excited bond fermions (thick lines) and the corresponding
plaquette operator eigenvalues (±1). Our convention is to consider
only the two bond fermion sectors on the left.
Ql surrounding all three hole plaquettes. The negative excita-
tion energy EQ < 0 means that the hole loop operators WQl
preferentially take eigenvalues−1 in the ground state.14 More
precisely, since the global constraint
∏
P WP = 1 translates
into
∏
l∈∆WQl = 1 when no bulk plaquettes are excited, the
hole loop operator WQl is−1 for all hole sites when n is even
and for all but one hole sites when n is odd.
Since the hole loop operator is WQl = WPxl WPyl WP zl in
terms of the individual hole plaquette operators, we say that
the hole at site l has a flux bound to it if its hole loop opera-
tor WQl takes an eigenvalue−1 rather than +1. This relation
also suggests that each hole has a hole flux mode Ql with a
finite excitation energy and two independent hole plaquette
modes P x,zl with zero excitation energies. In fact, there is
one fewer hole plaquette mode due to the presence of the un-
physical hole spin: the four plaquette sectors corresponding
to WPx,z
l
= ±1 in the hole spin picture are pairwise related
by the gauge transformation σzl , and the corresponding bond
fermion sectors in the Majorana fermion picture are pairwise
related by the gauge transformations Dl and σzl . These gauge
transformations are illustrated in Fig. 3. In the following, we
use the convention in which the two remaining bond fermion
sectors are related to each other by the operator ibxl bzl flipping
the x and the z bond fermions around the hole site l. When
there is no flux bound to the hole, this means that the two re-
maining plaquette sectors with WPy
l
= +1 are distinguished
by WPx
l
= WP z
l
= ±1. In conclusion, if the model contains
n > 0 holes, there are N − 3n bulk plaquette (flux) modes
with excitation energies EP ∼ J4, there are n − 1 hole flux
modes with excitation energiesEQ ∼ J8, and there are n hole
plaquette modes with zero excitation energies. Note that the
number of independent hole flux modes is reduced by 1 due
to the global constraint
∏
P WP = 1.
In the presence of n > 0 holes, we distinguish two types
of fermions: hole fermions and bulk fermions. When J = 0,
hole fermions are localized at dimers that contain one hole site
each, while bulk fermions are localized at dimers that contain
no hole sites. Since the bulk dimers have Ising interactions
−σzl σzz(l), there is a finite excitation energy Ef = 2 for the
9bulk fermions. However, since the Ising interactions of the
hole dimers are switched off, there is no excitation energy
for the hole fermions. When J > 0, the bulk fermions de-
localize across the entire lattice (see Sec. IV A), but the hole
fermions remain localized at their holes. More precisely, each
hole fermion wave function forms a wedge of opening angle
π/3 around its hole and its amplitude decays exponentially
with distance.14 Since there is one hole fermion for each hole,
there are N − n bulk fermion modes with excitation energies
Ef ∼ 1, and there are n − 1 hole fermion modes with zero
excitation energies. Note that the number of independent hole
fermion modes is reduced by 1 due to the global constraint
that Nχ +Nf must be even.
The independent Z2 modes of the model with n > 0 holes
are summarized in Table III. We distinguish two classes of
modes depending on their excitation energies and the scaling
of their numbers with N and n. The bulk fluxes and the bulk
fermions are external (bulk) modes: they have large excitation
energiesE & J4 and their numbers scale with the system size
N . These modes are extremely hard to treat in the thermody-
namic limit. Conversely, the hole fluxes, the hole fermions,
and the hole plaquettes are internal modes: they have small
excitation energies E . J8 and their numbers scale with the
hole numbern. Since these modes are associated with individ-
ual holes, it is straightforward to treat them in the limit when
the holes are isolated. Due to the different energy scales of the
two classes of modes, we can self-consistently neglect the ex-
citations in the high-energy bulk modes, and concentrate only
on the low-energy internal modes.
Mode type Excitation Number Quantum Global
energy of modes number constraint
Bulk fermion ∼ 1 N − n
Bulk flux ∼ J4 N − 3n
Hole flux ∼ J8 n− 1 h = {0, 1} ∑j hj = even
Hole fermion 0 n− 1 q = {0, 1} ∑j qj = even
Hole plaquette 0 n p = {0, 1}
TABLE III: Energy hierarchy of independent Z2 modes in the model
with n > 0 holes. For the internal modes, the corresponding quan-
tum numbers are also specified along with any global constraints on
them. The total number of modes is 2N − n− 2 as expected.
Each hole in the model has three internal modes, and we
characterize these three internal modes with three Z2 quantum
numbers h, q, and p. The flux quantum number is h = 1 if the
hole has a flux bound to it and h = 0 otherwise. The fermion
quantum number is q = 1 if the corresponding hole fermion
is excited and q = 0 otherwise. The meaning of the plaquette
quantum number p depends on the flux quantum number: if
h = 0, then p = 0 means no hole plaquette excitations and
p = 1 means two hole plaquette excitations in two neighbor-
ing stripes, while if h = 1, then p = 0 means one hole pla-
quette excitation in an even stripe and p = 1 means one hole
plaquette excitation in an odd stripe. The corresponding bond
fermion sectors are shown in Fig. 4. Importantly, the distinc-
tion between even and odd stripes ensures that Nχ is always
+ +
+
+ –
–
even
h = 0
stripe
even
stripe
+ +
–
+
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+
+
odd
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–
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p = 1
FIG. 4: Bond fermion sectors around a hole site l ∈ ∆ (white dot)
for different combinations of the flux quantum number h = {0, 1}
and the plaquette quantum number p = {0, 1}. Each bond fermion
sector is labeled with the excited bond fermions (thick lines) and the
corresponding plaquette operator eigenvalues (±1). For h = 1, there
are two cases depending on whether P zl is in an even stripe or in an
odd stripe. The triple dots indicate a string of excited bond fermions
connecting two holes with h = 1.
even. In the case of n holes labeled j = {1, 2, . . . , n}, there
are 3n internal modes characterized by 3n quantum numbers
hj , qj , and pj . Since fluxes and fermions can only be excited
pairwise, the quantum numbers hj and qj are not fully inde-
pendent from each other. In particular, the global constraint∏
P WP = 1 translates into
∑
j hj = even, while the global
constraint that Nχ + Nf is even, or equivalently, that Nf is
even translates into
∑
j qj = even. The various formulations
of these two global constraints are presented in Table IV.
Flux constraint Fermion constraint
Physical spins
∏
P WP = 1
∏
l∈A λl
∏
P∈µWP = 1
Majorana fermions Automatically satisfied Nχ +Nf = even
E / M charges Ne +Nm = even Nm = even
Quantum numbers ∑j hj = even
∑
j qj = even
TABLE IV: Formulations of the two essential global constraints in
terms of the physical spins, the Majorana fermions, the electric /
magnetic charges, and the internal quantum numbers.
We are now ready to write down the ground states |Ω∆h,q,p〉
that correspond to the different values of the internal quan-
tum quantum numbers. Using the method of Sec. IV A, each
ground state is obtained from the vacuum state |0〉 by a pro-
jection onto an appropriate subspace. Formally, the physical
ground state for n > 0 holes at sites ∆ = {lj} with quantum
numbers h ≡ {hj}, q ≡ {qj}, and p ≡ {pj} reads as∣∣Ω∆h,q,p〉 = Q∆PFq;hBpXh|0〉. (20)
Before enforcing the gauge constraints with the projection op-
erators P and Q∆, the vacuum state |0〉 is acted upon by sev-
eral operators setting the bond fermion and the matter fermion
sectors. The first operatorXh is responsible for binding fluxes
to all holes with hj = 1. Mathematically, Xh is an appro-
priate product of (χαl )† operators along a set of strings con-
necting the holes with hj = 1 pairwise. Note that the global
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constraint
∑
j hj = even ensures that the holes with hj = 1
can always be paired up. Importantly, we choose Xh such that
it does not excite any z bond fermions and creates the excited
plaquette in an even stripe for each hole (see Fig. 4). In this
case, Xh is a product of an even number of (χαl )† operators,
and therefore it excites an even number of bond fermions. The
remaining two operators in Eq. (20) are given by
Bp =
n∏
j=1
(
ibxljb
z
lj
)pj
, (21)
Fq;h =
N∏
k=n+1
(
φkφ
†
k
) n∏
j=1
(
φ
1−qj
j φ
†
jφ
qj
j
) n∏
j=1
[
f †z˜(lj)
]qj
,
where z˜(l) = l if l ∈ A and z˜(l) = z(l) if l ∈ B. The
operator Bp sets the bond fermion sector by flipping an even
number of bond fermions around the hole sites, while the op-
erator Fq;h projects onto one of the ground states in the given
bond fermion sector. The original matter fermions f †z˜(lj) are
required only to ensure that Fq;h does not project to zero in
the isolated dimer limit. The free matter fermions φk are ob-
tained from the matrix M in Eq. (8): there are n hole fermions
φk with 1 ≤ k ≤ n that have zero energies and N − n bulk
fermions φk with n + 1 ≤ k ≤ N that have finite energies
Ef ∼ 1. We label the hole fermions consistently such that the
hole fermion φj is localized around the hole site lj . Note that
the matrix M is in general a function of the bond fermions
excited by Xh, and therefore Fq;h depends on the flux quan-
tum numbers hj via the free matter fermions φk . On the other
hand, the bond fermions flipped by Bp correspond to bonds
with switched-off interactions, and therefore Fq;h does not
depend on the plaquette quantum numbers pj .
Hole type Superselection sector
h = 0
q = 0 Trivial (1)
q = 1 Combined (e×m)
h = 1
q = 0 Electric (e)
q = 1 Magnetic (m)
TABLE V: Superselection sectors of holes with flux quantum num-
bers h = {0, 1} and fermion quantum numbers q = {0, 1}.
It is useful to interpret the internal quantum numbers in the
isolated dimer limit. In this limit, the free matter fermions
φk are identical to the original matter fermions fl, and there-
fore the second operator in Eq. (21) takes the simplified form
Fq ≡ Fq;h =
∏n
j=1[f
†
z˜(lj)
]qj . Note that the matrix M is no
longer a function of the x and y bond fermions excited by Xh,
and therefore Fq becomes independent of the flux quantum
numbers hj . For a single isolated hole at site l with quan-
tum numbers h, q, and p, the hole dimer operator is then
λl = σ
z
l σ
z
z(l) = (−1)q+p. Since the product of the hole
plaquette operators is
∏
Pl∈ηWP = (−1)h+p in even stripes
and
∏
Pl∈µWP = (−1)p in odd stripes, we conclude that
the different combinations of the quantum numbers h and q
are in one-to-one correspondence with the different superse-
lection sectors that the hole can belong to. This correspon-
dence is presented in Table V. Note that if the bulk modes are
not excited, isolated holes can indeed be thought of as iso-
lated excitation clusters with well-defined superselection sec-
tors. Furthermore, since the projection operator Q∆ enforces
σzl = +1 at the hole site l, there is a finite local magneti-
zation σzz(l) = (−1)q+p at the neighboring site z(l).14 This
magnetization can be reversed by applying the transformation
σx,z → −σx,z to all spins except the hole spin. On the other
hand, such a discrete spin rotation is also a symmetry of the
model: it flips the hole plaquettes P x,zl and changes the sign
of the hole dimer operator λl. It therefore corresponds to a
switch in the plaquette quantum number p only. To summa-
rize, the flux and the fermion quantum numbers determine the
superselection sector, while the plaquette quantum number
determines the local magnetization around the hole. Impor-
tantly, these results are also valid in the case of J > 0 when
(−1)q+p is equal to the product of dimer operators taken over
a sufficiently large region around the hole site l.
C. Interactions and bound states
We now discuss the interactions between two holes at a fi-
nite distance R away from each other. In general, the ground-
state energy is given by Γ0 = −
∑
k Sk, where the N singu-
lar values Sk are obtained from the matrix M in Eq. (8). In
the limit of R → ∞, there are two vanishing singular values
S1 = S2 = 0 corresponding to the two hole fermions, and the
ground-state energy Γ0(∞) is determined by the sum of the
remaining N − 2 non-vanishing singular values. When R is
finite, the interaction energy between the two holes is defined
as the change in the ground-state energy with respect to that
in the R→∞ limit: ∆Γ0 ≡ Γ0(R)− Γ0(∞).
The interaction energy ∆Γ0 has two contributions arising
from two distinct interaction mechanisms. First, the sum of
the N−2 non-vanishing singular values is changed by pertur-
bative terms similar to those in Eq. (15). Second, the singular
value S2 also becomes non-vanishing due to a hybridization
between the two hole fermions.14 The first contribution ∆Γ(1)0
is non-zero for both sublattices and all directions, while the
second contribution ∆Γ(2)0 is non-zero only if the two holes
are in opposite sublattices and their relative direction lies in
the wedge of opening angle π/3 such that each hole fermion
wave function has a finite amplitude at the hole site of the
other hole (see Fig. 5). Importantly, the wedges for the two
holes in the opposite sublattices point in opposite directions,
and therefore this condition for the relative direction is identi-
cal from the point of view of both holes.
Since the two contributions decay as ∆Γ(1)0 ∼ J2R and
∆Γ
(2)
0 ∼ JR with the distance R, the second contribution is
the dominant one at large distances. From the lowest-order
perturbation theory in J ≪ 1 around the isolated dimer limit,
this contribution takes the general form
∆Γ
(2)
0 = −
R!
Rx!Ry!
JR, (22)
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FIG. 5: (Color online) Absolute interaction energy |∆Γ0| between
two holes as a function of their relative position when Jz = 1.0
and J ≡ Jx = Jy = 0.2. One hole is fixed (black cross) and
the other one is moved around (red and green dots). Each dot has
an area proportional to
√|∆Γ0|. The interaction is either repulsive
with ∆Γ0 > 0 (a) or attractive with ∆Γ0 < 0 (b). The wedge of
opening angle π/3 is marked by a dashed line.
where the string of shortest length R ≡ Rx + Ry connecting
the two holes contains Rx bonds of x type and Ry bonds of
y type.14 The first contribution can also be calculated from a
perturbation theory in J ≪ 1, but its general form is more
complicated. In particular, ∆Γ(1)0 can take both signs: the
largest negative result ∆Γ(1)0 = −J2/4 is found when the
two holes are at nearest-neighbor sites connected by an x or
a y bond, while the largest positive result ∆Γ(1)0 = J2/4 is
found when the two holes are at next-nearest-neighbor sites
connected by a z bond and an x or a y bond. The interaction
energy∆Γ0 = ∆Γ(1)0 +∆Γ
(2)
0 is always positive when the two
holes are in the same sublattice and always negative when the
two holes are in opposite sublattices. The absolute values of
the interaction energies are plotted in Fig. 5.
Importantly, the first interaction mechanism correspond-
ing to ∆Γ(1)0 is diagonal in the quantum numbers h, q, and
p, while the second interaction mechanism corresponding to
∆Γ
(2)
0 is diagonal only in h and p but not in q. In particu-
lar, if we set h1,2 = p1,2 = 0 for simplicity and label the
remaining four ground states |Ω∆h,q,p〉 with the fermion quan-
tum numbers as |q1, q2〉 ≡ |Ωq1,q2〉, the second interaction
has identical matrix elements ∼ JR between the states |0, 0〉
and |1, 1〉, and between the states |0, 1〉 and |1, 0〉. This im-
plies that the eigenstates are in fact (|0, 0〉 ± |1, 1〉)/√2 and
(|0, 1〉 ± |1, 0〉)/√2. In the strict sense, the fermion quantum
numbers q are then no longer valid quantum numbers in the
presence of hole interactions. However, since the interaction
is exponentially small when the holes are far apart, they are
still practically valid quantum numbers as they are conserved
within an exponentially large timescale ∼ J−R.
Since the attractive interaction between holes in opposite
sublattices is stronger than the repulsive interaction between
holes in the same sublattice, the overall interaction between
two holes is attractive. The most negative interaction en-
ergy ∆Γ0 = −1 is found when the two holes are at nearest-
neighbor sites connected by a z bond. In the absence of other
interactions, this attraction leads to pair formation, where the
holes in the model form bound pairs along z bonds. It is then
useful to investigate how these hole pairs interact with each
other. The interaction energy ∆Γ′0 ≡ Γ′0(R) − Γ′0(∞) be-
tween two hole pairs is completely analogous to that between
two single holes. In this case, there are two vanishing sin-
gular values for all distances R, and the only contribution to
the interaction energy comes from the change in the remain-
ing N −2 non-vanishing singular values. From a perturbation
theory around the isolated dimer limit, we obtain that the inter-
action energy between two hole pairs is always negative and
decays as ∆Γ′0 ∼ J2R with the distance R. The most neg-
ative interaction energy ∆Γ′0 = −J2/4 is found when two
holes from the respective hole pairs are at nearest-neighbor
sites connected by an x or a y bond.
In the absence of other interactions, the attraction between
hole pairs leads to phase separation, where the holes are all
bound together to form a large cluster. However, both single
holes and hole pairs are positively charged, and therefore they
are also subject to a Coulomb repulsion. Since the attraction
between single holes is stronger than that between hole pairs,
we can distinguish three complementary regimes in the behav-
ior of the model. If the Coulomb repulsion is weaker than the
attraction between hole pairs, the model phase separates. If
the Coulomb repulsion is stronger than the attraction between
hole pairs but weaker than that between single holes, the ele-
mentary particles of the model are hole pairs. If the Coulomb
repulsion is stronger than the attraction between single holes,
the elementary particles of the model are single holes. In the
following, we restrict our attention to single holes and implic-
itly assume a sufficiently strong Coulomb repulsion such that
the model is in the appropriate regime.
D. Robustness against local perturbations
It is useful to discuss the applicability of the internal quan-
tum numbers when a local perturbation is applied to the model
with n > 0 holes. We first notice that two arguments are ap-
parently in conflict with each other. On one hand, the quantum
numbers q and h are expected to be robust against local per-
turbations as they are related to the superselection sectors of
the model (see Secs. IV B and V B). On the other hand, the
quantum numbers q are not strictly conserved in the presence
of hole interactions (see Sec. V C). Note that the dimension-
less coupling strength J ≪ 1 is a local perturbation in the
language of the isolated dimer limit.
The resolution of this apparent conflict is that local per-
turbations assemble into non-local strings at higher orders of
perturbation theory. If two holes (excitation clusters) are con-
nected by such a string, only the combined superselection sec-
tor is conserved, while the individual superselection sectors
can change. However, when the two holes are at a distance
R away from each other, such a string can be assembled only
at R-th order of perturbation theory. For a local perturbation
of strength δE that creates excitations with energies E0, the
perturbative term responsible for changing the superselection
sector is then ∼ (δE/E0)R. This means that the superselec-
tion sector is conserved within a timescale ∼ (E0/δE)R that
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FIG. 6: (Color online) Effects of the Heisenberg terms σzl σzl′=z(l)
(a), σxl σxl′=x(l) (b), σxl σxl′=z(l) (c), σzl σzl′=x(l) (d), and σyl σyl′=x(l) (e)
on the plaquettes and the dimers (fermions) around two neighboring
sites l (white dot) and l′ (black dot). Flipped plaquettes are marked
by red crosses and flipped dimers are marked by blue rectangles.
is exponentially large when δE ≪ E0 and R ≫ 1. Note
that the interaction term ∼ JR in Sec. V C is recovered as a
special case with δE ∼ J and E0 ∼ 1. Since local pertur-
bations excite bulk fluxes with energies EP ∼ J4 and bulk
fermions with energies Ef ∼ 1 in general, we conclude that
the quantum numbers h and q are robust against arbitrary lo-
cal perturbations of strength δE ≪ J4 as long as the holes are
sufficiently far away from each other.
It is instructive to examine an explicit example for the con-
servation of the internal quantum numbers in the presence of a
local perturbation. To this end, we perturb the Kitaev honey-
comb model with Heisenberg interactions. The contribution
of this perturbation to the Hamiltonian reads as
δH = δE
∑
〈l,l′〉
(σxl σ
x
l′ + σ
y
l σ
y
l′ + σ
z
l σ
z
l′) , (23)
where 〈l, l′〉 indicates a summation over bonds, or equiva-
lently, over pairs of neighboring sites. Based on the type of the
bond and the spin components coupled, there are nine types
of terms in δH , and these types can be divided into four dis-
tinct classes in the isolated dimer limit. The terms σzl σzz(l)
only renormalize the coupling strength Jz on the z bonds, and
therefore do not flip any plaquettes or dimers (fermions). The
terms σxl σ
x
x(l) and σ
y
l σ
y
y(l) correspond to the usual couplings
with strengths Jx,y on the x and y bonds, and therefore flip no
plaquettes but two dimers each. The terms σxl σxz(l), σ
y
l σ
y
z(l),
σzl σ
z
x(l), and σzl σzy(l) flip no dimers and four plaquettes each,
while the terms σyl σ
y
x(l) and σ
x
l σ
x
y(l) flip two dimers and four
plaquettes each. The effects of these types of terms are illus-
trated in Fig. 6. Since the perturbative terms flip either zero
or two dimers, the number of broken dimers has a conserved
parity, and therefore the parity of q+ p does not change either
(see Sec. V B). Since they either flip zero plaquettes or they
flip two plaquettes in even stripes and two plaquettes in odd
stripes, the numbers of excited plaquettes in even and in odd
stripes both have conserved parities, and therefore the pari-
ties of h+ p and p do not change either. We conclude that the
quantum numbers h, q, and p are all conserved in the presence
of a Heisenberg perturbation if its strength satisfies δE ≪ J4
and the holes are sufficiently far apart.
VI. ISOLATED MOBILE HOLES
A. Hopping formalism
We consider a hole hopping model in which the holes in-
troduced into the Kitaev honeycomb model can propagate via
nearest-neighbor hopping. Formally, a spin one-half particle
at a site l′ neighboring an empty hole site l can hop from l′
to l with an amplitude −t. We assume that the spin state of
the particle is not affected by the hopping. In the hole spin
picture, the hopping then exchanges the hole spin at l with
the actual spin at l′, and this process can be represented by an
exchange operator that takes the form
El,l′ = 1
2
(1 + σxl σ
x
l′ + σ
y
l σ
y
l′ + σ
z
l σ
z
l′) (24)
=
1
2
(1 + byl b
y
l′b
z
l b
z
l′ + b
z
l b
z
l′b
x
l b
x
l′ + b
x
l b
x
l′b
y
l b
y
l′) .
In the following, we restrict our attention to the regime of slow
hopping, where the hopping amplitude is much smaller than
the excitation energies of the bulk modes. We can then neglect
the excitations in the bulk modes and consider only the ground
states |Ω∆h,q,p〉 corresponding to the internal modes. Since the
bulk modes are bulk fluxes with energies EP ∼ J4 and bulk
fermions with energies Ef ∼ 1 in general, the condition of
slow hopping becomes t≪ J4.
For simplicity, we restrict our attention to only n = 2 iso-
lated holes at sites l1,2. However, more holes are assumed
to be present in the background so that the quantum num-
bers h1,2 and q1,2 can be chosen independently without vi-
olating the global constraints. We consider the hopping pro-
cess in which the hole at site l1 hops to a neighboring site
l′1. The set of hole sites is ∆ = {l1, l2} before the hopping
and ∆′ = {l′1, l′2 ≡ l2} after the hopping. The ground states
corresponding to the hole positions ∆ and ∆′ take the forms∣∣Ωh,q,p〉 ≡ ∣∣Ω∆h,q,p〉 = Q∆PFq;hBpXh|0〉, (25)∣∣Ω¯h′,q′,p′〉 ≡ ∣∣Ω∆′h′,q′,p′〉 = Q∆′PF¯q′;h′B¯p′X¯h′ |0〉,
where the operators X¯h′ , B¯p′ , and F¯q′;h′ are completely anal-
ogous to Xh, Bp, and Fq;h as defined in Sec. V B. Since dif-
ferent bonds have switched-off interactions before and after
the hopping, the operators Fq;h and F¯q′;h′ contain different
free matter fermions φk and φ¯k. By considering the hopping
between the respective ground states |Ωh,q,p〉 and |Ω¯h′,q′,p′〉,
the effective hopping amplitude becomes a finite-dimensional
matrix. The elements of this matrix are given by
T h
′,q′,p′
h,q,p = −
t
〈
Ω¯h′,q′,p′
∣∣El1,l′1∣∣Ωh,q,p〉√〈
Ω¯h′,q′,p′
∣∣Ω¯h′,q′,p′〉〈Ωh,q,p∣∣Ωh,q,p〉 , (26)
where the ground-state norms in the denominator are required
because the ground states |Ωh,q,p〉 and |Ω¯h′,q′,p′〉 are not prop-
erly normalized in general.
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B. General hopping properties
We notice that the non-trivial terms in the exchange opera-
tor El1,l′1 are the Heisenberg terms in Eq. (23). It is therefore
directly implied by the results in Sec. V D that the quantum
numbers h, q, and p are all conserved by the hopping. Note
that the exchange operator El1,l′1 can in principle change the
plaquette (matter fermion) sector in at most two inequivalent
ways (see Fig. 6). The plaquette (matter fermion) sector af-
ter the hopping is then uniquely determined by that before the
hopping via the ground-state constraint that no excited pla-
quettes (matter fermions) are allowed to be left behind. Math-
ematically, the conservation of the quantum numbers means
that the effective hopping matrix is diagonal.
Furthermore, the diagonal hopping matrix elements that
differ only in their plaquette quantum numbers p are all iden-
tical to each other. Physically, this property follows from the
discrete spin-rotation symmetry discussed in Sec. V B and the
fact that the corresponding transformation switches p. How-
ever, it can also be shown explicitly by noticing thatB†pBp = 1
and B¯†pEl1,l′1Bp = El1,l′1 for all p. We therefore conclude that
the effective hopping matrix elements are independent of the
plaquette quantum numbers p and take the general form
T h
′,q′,p′
h,q,p = δh′,hδq′,qδp′,p Th,q, (27)
Th,q = −
t
〈
Ω¯h,q
∣∣El1,l′1∣∣Ωh,q〉√〈
Ω¯h,q
∣∣Ω¯h,q〉〈Ωh,q∣∣Ωh,q〉 , (28)
where |Ωh,q〉 ≡ |Ωh,q,p=0〉 and |Ω¯h,q〉 ≡ |Ω¯h,q,p=0〉. In the
following, we simplify our calculations by considering only
these ground states with p1 = p2 = 0.
Now we derive a formula for the effective hopping matrix
element T˜h,q in the important case when the bond fermion
sector (plaquette sector) is conserved by the hopping. This
condition is equivalent to Xh = X¯h, and it is always satisfied
in the case of trivial flux quantum numbers h1 = h2 = 0 when
Xh=0 = X¯h=0 = 1. Since 〈0|X †hXh|0〉 = 1 in general, the
ground-state norms in the denominator of Eq. (28) become
〈
Ωh,q
∣∣Ωh,q〉 = 〈0|X †hF†q;hPQ∆Fq;hXh|0〉 = 122N+2 〈0|F†q;hFq;h|0〉, (29)〈
Ω¯h,q
∣∣Ω¯h,q〉 = 〈0|X †hF¯†q;hPQ∆′F¯q;hXh|0〉 = 122N+2 〈0|F¯†q;hF¯q;h|0〉.
By assuming l1 ∈ A without loss of generality, using the property σzl′1El1,l′1σ
z
l1
= El1,l′1 , and keeping only the terms in El1,l′1 that
do not change the plaquette sector when α ≡ αl1,l′1 = {x, y, z}, the ground-state overlap in the numerator of Eq. (28) becomes
〈
Ω¯h,q
∣∣El1,l′1∣∣Ωh,q〉 = 〈0|X †hF¯†q;hPQ∆′El1,l′1Q∆Fq;hXh|0〉 = 18 〈0|X †hF¯†q;hP
(
1 + bαl1b
α
l′1
cl1cl′1
)
Fq;hXh|0〉 (30)
=
1
22N+3
〈0|X †hF¯†q;h
(
1 + bαl1b
α
l′1
cl1cl′1
)
Fq;hXh|0〉 = 1
22N+3
〈0|F¯†q;h
(
1− iul1,l′1cl1cl′1
)Fq;h|0〉.
Note that ul1,l′1 ≡ 〈0|X
†
h uˆl1,l′1Xh|0〉 is determined by the bond fermion sector. Finally, the effective hopping matrix element in
the case of a conserved bond fermion sector (plaquette sector) takes the form
T˜h,q = −
t 〈0|F¯†q;h
(
1− iul1,l′1cl1cl′1
)Fq;h|0〉
2
√
〈0|F¯†q;hF¯q;h|0〉〈0|F†q;hFq;h|0〉
. (31)
Since the operatorsF (†)q;h and F¯ (†)q;h are all simple products of matter fermion operators, the vacuum expectation values in Eq. (31)
can be evaluated using Wick’s theorem. The state |0〉 is the vacuum of the original matter fermions fl, and the orthogonal
matrices U and V are therefore used to express the free matter fermions φk and φ¯k in terms of fl.
C. Hopping in the isolated dimer limit
We now consider the isolated dimer limit (J = 0) and evaluate the effective hopping matrix elements explicitly. In this limit,
the operators Fq ≡ Fq;h and F¯q ≡ F¯q;h no longer depend on h and take the simplified forms Fq = [f †z˜(l1)]q1 [f
†
z˜(l2)
]q2 and
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F¯q = [f †z˜(l′1)]
q1 [f †z˜(l2)]
q2 (see Sec. V B). The vacuum expectation values in Eq. (31) thus become
〈0|F†qFq|0〉 = 〈0|F¯†q F¯q|0〉 = 1,
〈0|F¯†q1=0
(
1− iul1,l′1cl1cl′1
)Fq1=0|0〉 = 〈0|[1− ul1,l′1[fl1 + f †l1][fz(l′1) − f †z(l′1)]
]
|0〉 =
{ 2 (αl1,l′1 = z)
1 (αl1,l′1 = x, y),
(32)
〈0|F¯†q1=1
(
1− iul1,l′1cl1cl′1
)Fq1=1|0〉 = 〈0|fz(l′1)
[
1− ul1,l′1
[
fl1 + f
†
l1
][
fz(l′1) − f
†
z(l′1)
]]
f †l1 |0〉 =
{ 0 (αl1,l′1 = z)
−ul1,l′1 (αl1,l′1 = x, y),
and the corresponding hopping matrix elements take the form
T˜h,q1=0 =
{ −t (αl1,l′1 = z)
−t/2 (αl1,l′1 = x, y),
(33)
T˜h,q1=1 =
{ 0 (αl1,l′1 = z)
ul1,l′1 t/2 (αl1,l′1 = x, y).
Note that ul1,l′1 = +1 for αl1,l′1 = z because Xh excites only
x and y bond fermions. Furthermore, the matrix elements in
Eq. (33) are independent of the quantum number q2. Since the
two holes are isolated, the hole hopping between l1 and l′1 is
not affected by the other hole at l2.
It is crucial to emphasize that the matrix elements in
Eq. (33) are valid only if the bond fermion sector is the same
before and after the hopping. However, we demonstrate in the
following that the hopping problem for a single isolated hole
with quantum numbers h = {0, 1} and q = {0, 1} can be con-
structed by referring to these matrix elements only. The most
important steps of the construction are illustrated in Fig. 7,
while the resulting hopping problems for the different quan-
tum numbers are summarized in Fig. 8.
For a hole with no flux bound to it (h = 0), the bond
fermion sector is always trivial, and the matrix elements in
Eq. (33) are therefore directly applicable. This means that
hopping along x and y bonds is allowed for both values of the
quantum number q, while hopping along z bonds is allowed
for q = 0 but not for q = 1. In other words, q = 0 holes can
hop in both the X and the Y directions, while q = 1 holes
can hop only in the X direction. Since ul,α(l) = +1 for all
bonds around an h = 0 hole, the hopping problem in the X
direction is in fact the same for q = 0 and q = 1. Note that
the opposite sign in the matrix element T˜h,q1=1 is irrelevant
because the honeycomb lattice is bipartite.
For a hole with a flux bound to it (h = 1), the hopping
problem is more complicated because the bond fermion sec-
tor depends on the hole position. However, if the hole hops
only around the excited plaquette, the bond fermion sector
can be chosen to remain the same, and the matrix elements in
Eq. (33) are therefore applicable. Remember that the excited
plaquette is in an even stripe for a p = 0 hole (see Fig. 4). Fur-
thermore, the excited plaquette can be shifted along its stripe
by applying two simultaneous gauge transformations Dl and
σzl at the hole site l. After these transformations illustrated
in Fig. 7(a), the bond fermion and the matter fermion sectors
around the hole site look the same from the point of view of
the new plaquette as they did before from the point of view of
the old plaquette. This implies that the hopping problem for
h = 1 is identical to that for h = 0 as long as the hole hops
only around the plaquettes of one particular even stripe. On
the other hand, the excited plaquette can only be shifted into a
neighboring odd stripe by applying the gauge transformation
σzl along with the transformations cz˜(l) and ibxl bzl that switch
the quantum numbers q and p. After these transformations il-
lustrated in Fig. 7(b), the bond fermion and the matter fermion
sectors around the hole site l look the same from the point of
view of the new stripe as they did before from the point of
view of the old stripe. Since the hopping is independent of p,
this implies that the hopping problem for q = 1 around the
plaquettes of odd (even) stripes is identical to that for q = 0
around the plaquettes of even (odd) stripes. Unlike in the case
of h = 0, holes with different values of q do not have fun-
damentally different hopping problems in the case of h = 1:
they can both hop along x and y bonds in the X direction,
while hopping along z bonds in the Y direction is allowed for
q = 0 in even stripes and for q = 1 in odd stripes.
D. Hopping in the gapped phase
We are now ready to discuss the hopping problem for a sin-
gle isolated hole at a generic point of the gapped phase away
from the isolated dimer limit (J > 0). From a perturbation
theory in J ≪ 1, there are possible corrections to the matrix
elements in Eq. (33), and the importance of these corrections
depends on whether the original matrix element is zero or non-
zero. If there is a finite matrix element at J = 0, the pertur-
bative corrections can be neglected as they only renormalize
the matrix element. However, if the matrix element vanishes
at J = 0, these corrections are extremely important as they
determine the matrix element in the lowest order.
According to Eq. (33), the only vanishing matrix elements
in the isolated dimer limit are T˜h,q1=1 along z bonds. Any
such matrix element is zero because the matter fermion corre-
sponding to the two sites l1 and l′1 connected by the z bond is
excited: −icl1cl′1 = −1. To obtain a non-zero correction for
the matrix element, we need to find corrections with a non-
zero overlap for the ground states before and after the hop-
ping such that−icl1cl′1 = +1 for both corrections. In general,
these two corrections belong to two complementary sections
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FIG. 7: Different types of transformations relating bond fermion and matter fermion sectors around a hole site l ∈ ∆ (white dot) when
there is a flux bound to the hole. Each bond fermion sector is labeled with the excited bond fermions (thick lines) and the corresponding
plaquette operator eigenvalues (±1), while each matter fermion sector is labeled with the excited matter fermions (dashed ellipses). (a) Gauge
transformations Dl (i) and σzl (ii) for shifting the excited plaquette within a stripe. (b) Transformations σzl (i) [gauge], cz˜(l) (ii) [q-switch],
and ibxl bzl (iii) [p-switch] for shifting the excited plaquette between neighboring stripes.
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FIG. 8: Hole hopping problems in the isolated dimer limit for different combinations of the flux quantum number h = {0, 1} and the fermion
quantum number q = {0, 1}. Each bond is labeled according to the effective hopping amplitude T along it: double solid lines indicate T = −t,
single solid lines indicate T = −t/2, while dashed and dotted lines indicate T = 0. For dashed lines, the effective hopping amplitude vanishes
only in the isolated dimer limit, while for dotted lines, it vanishes in the entire gapped phase.
of an open string connecting the sites l1 and l′1. For example,
if we use the site labeling convention in Fig. 9 around the sites
l1 and l′1, one such pair of corrections is
Fq1=1|0〉 =
J
6
(bx5b
x
6c5c6)
J
4
(bx3b
x
2c3c2) f
†
1 |0〉, (34)
F¯q1=1|0〉 =
J
6
(by1b
y
2c1c2)
J
4
(by5b
y
4c5c4) f
†
1 |0〉,
and the resulting correction to the ground-state overlap is
〈0|F¯†q1=1 (1− ic1c6)Fq1=1|0〉 = J4u1,2u3,2u5,4u5,6ZP
= J4WPZP , (35)
ZP =
1
576
〈0|f1c5c4c1c2 (1− ic1c6) c5c6c3c2f †1 |0〉
=
1
288
〈0|f1c5c4c1c2c5c6c3c2f †1 |0〉 =
1
288
. (36)
Note that u1,6 = u3,4 = +1 because Xh is defined such that
it excites only x and y bond fermions.
For a generic open string connecting the sites 1 and 1′, we
define a closed loop C consisting of the open string and the
1
2
3
4
5
6 –––1'
6'–––
2'
5'
3'
4'
PP'
FIG. 9: Site and plaquette labeling conventions around the sites l1
(white dot) and l′1 (black dot) when considering the hopping along
the z bond between l1 and l′1.
z bond between 1 and 1′. Any correction to the ground-state
overlap due to the open string is then proportional to WCZC ,
where WC is the corresponding loop operator eigenvalue and
ZC is an expectation value similar to that in Eq. (36). By
means of a reflection across the middle of the z bond, we also
define a dual loop C′ with a loop operator eigenvalue WC′
and a dual correction with an expectation valueZC′ . Note that
the dual correction strictly corresponds to a backward hopping
because the reflection exchanges the sites 1 and 1′. On the
other hand, ZC′ ∈ R means that there is an equivalent dual
correction for the forward hopping as well. If we identify the
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site labels of the loopC with the dual site labels of the loopC′,
the explicit forms of the expectation values ZC and ZC′ are
identical, and thus ZC = ZC′ . Since this equality is true for
all corrections, we conclude that the total corrections due to
the loopsC andC′ have equal magnitudes, while their relative
signs are determined by the loop eigenvalues WC,C′ .
This result has already strong implications for holes with a
flux bound to them (h = 1). When the bond fermion sector
is conserved by the hopping, the flux is necessarily bound to
either of the plaquettes P or P ′. If we then choose any two
dual loopsC andC′ that do not enclose any other holes, one of
them contains one excited plaquette and the other one contains
no excited plaquettes. This implies WC + WC′ = 0, and
therefore the corrections due to all of the paired-up dual loops
vanish because (WC + WC′)ZC = 0. The only non-zero
corrections are then due to loops that are large enough such
that they enclose at least one other hole with a flux bound to
it. If the smallest distance between any two holes is R, the
length of such a loop is at least 2R, and therefore the lowest-
order corrections to the matrix element are ∼ J2R. Since this
quantity is exponentially small in the R≫ 1 limit, holes with
h = 1 can hop only along their respective stripes as long as
we are in the gapped phase with J < 1/2.
For holes with no flux bound to them (h = 0), there are no
excited plaquettes, and all loops have WC = +1. This means
that the lowest-order corrections to the ground-state overlap
are due to the plaquettes P and P ′. These two corrections
are identical because WP = WP ′ = +1. The total expecta-
tion value ZP is obtained by considering all possible ways
of dividing the open string between the sites 1 and 1′ into
two complementary sections and all possible ways of order-
ing the x and y bonds within the resulting two sections. Note
that the choice of the complementary sections is limited by
the fact that some bonds have switched-off interactions: the
bonds around the site 1 can only be used after the hopping,
while the bonds around the site 1′ can only be used before
the hopping. Exploiting symmetry to reduce the number of
inequivalent terms, the total expectation value becomes
ZP =
2
16
〈0|f1c1c2ǫ1,6c3c2c5c4c5c6f †1 |0〉+
2
48
〈0|f1c1c2ǫ1,6c5c4c3c2c5c6f †1 |0〉+
2
32
〈0|f1c1c2ǫ1,6c3c2c5c6c5c4f †1 |0〉
+
2
64
〈0|f1c1c2ǫ1,6c5c6c3c2c5c4f †1 |0〉+
2
96
〈0|f1c1c2ǫ1,6c5c4c5c6c3c2f †1 |0〉+
2
64
〈0|f1c1c2ǫ1,6c5c6c5c4c3c2f †1 |0〉
+
1
16
〈0|f1c1c2c3c2ǫ1,6c5c4c5c6f †1 |0〉+
2
32
〈0|f1c1c2c3c2ǫ1,6c5c6c5c4f †1 |0〉+
1
64
〈0|f1c3c2c1c2ǫ1,6c5c6c5c4f †1 |0〉
+
1
144
〈0|f1c1c2c5c4ǫ1,6c3c2c5c6f †1 |0〉+
2
288
〈0|f1c1c2c5c4ǫ1,6c5c6c3c2f †1 |0〉+
1
576
〈0|f1c5c4c1c2ǫ1,6c5c6c3c2f †1 |0〉
=
1
4
+
1
12
− 1
8
− 1
16
+
1
24
− 1
16
+
1
8
− 1
8
+
1
32
+
1
72
+
1
72
+
1
288
=
3
16
, (37)
where ǫ1,6 ≡ 1 − ic1c6 = 2 in all the terms above. Since
WP = WP ′ = +1 and ZP = ZP ′ = 3/16, the corre-
sponding lowest-order correction to the ground-state overlap
is 〈0|F¯†q1=1ǫ1,6Fq1=1|0〉 = 3J4/8. On the other hand, the
ground-state norms 〈0|F†qFq|0〉 and 〈0|F¯†q F¯q|0〉 are still ap-
proximately 1, and therefore the lowest-order correction to the
hopping matrix element takes the form
T˜h1=0,q1=1 = −
3
16
J4 t (αl1,l′1 = z). (38)
This result shows that holes with h = 0 and q = 1 are only
confined to hop in the X direction in the limit of J → 0. At a
generic point of the gapped phase, holes with h = 0 are free
to hop in both the X and the Y directions.
It is instructive to investigate the hole hopping problems
across the entire gapped phase with 0 < J < 1/2. Since the
perturbation theory in J ≪ 1 is not applicable in general, we
need to evaluate the hopping matrix elements in Eq. (31) nu-
merically. The resulting hopping matrix elements for quantum
numbers h = 0 and q = {0, 1} are plotted across the gapped
phase in Fig. 10. In the limit of J → 0, when the perturba-
tion theory is valid, the hopping matrix elements in Eqs. (33)
and (38) are accurately recovered. In the opposite limit of
J → 1/2, when the phase transition to the gapless phase is
close, the hopping matrix elements for all quantum numbers
h = {0, 1} and q = {0, 1} become strongly dependent on the
system size and exhibit a sudden drop towards zero. These
results are both explained by the vanishing energy gap of the
bulk fermion excitations: finite-size effects become important
due to the divergent correlation length, while the hopping ma-
trix elements vanish due to the hybridization between the hole
fermions and the lowest-energy bulk fermions.
Note that the condition of slow hopping breaks down in
the limit of J → 1/2 as the lowest-energy bulk fermions no
longer have finite excitation energies. The hopping process
in this limit involves not only the respective ground states as
in Sec. VI A, but also the excited states in which some of the
lowest-energy bulk fermions are excited. On the other hand,
this means that the hopping matrix elements in Eq. (31) un-
derestimate the actual hopping amplitudes, and therefore the
vanishing hopping matrix elements at J → 1/2 do not imply
that the holes become stationary at the phase transition point.
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FIG. 10: (Color online) Effective hopping amplitude as a function
of the x and y bond coupling strengths within the gapped phase for
a hole with h = 0 and either q = 0 (a) or q = 1 (b) along x and
y bonds (solid lines) and along z bonds (dashed lines). The lattice
dimensions are NX = NY = 20 in all cases.
E. Particle statistics
Since the quantum numbers h, q, and p are conserved by
the hopping process, we can treat holes with different quan-
tum numbers as distinct particles and determine their respec-
tive particle statistics. To this end, we consider an exchange
process in which two isolated identical holes at sites 0 and ℓ
are exchanged along a closed loop C that contains L sites la-
beled {1, 2, . . . , ℓ − 1, ℓ, ℓ + 1, . . . , L ≡ 0}. If the exchange
process is adiabatically slow, the final state is identical to the
initial state up to a complex phase factor exp(iϕ). The cor-
responding phase ϕ has two contributions: a dynamic phase
from the time integral of the governing Hamiltonian that de-
pends on the details of the exchange process, and a geometric
phase θ2 that depends only on the loop C. To determine the
particle statistics, we first need to obtain the phase θ2.
The adiabatic exchange process along the loop C starts
from the initial ground state |Ω{0,ℓ}h,q,p〉, ends at the exchanged
ground state |Ω{ℓ,0}h,q,p〉, and happens via subsequent nearest-
neighbor hopping processes through intermediate ground
states |Ω{l,l′}h,q,p 〉, where 0 ≤ l ≤ ℓ and ℓ ≤ l′ ≤ L. These
hopping processes are illustrated in Fig. 11(a). The geomet-
ric phase θ2 arises from the geometric connections between
the intermediate ground states |Ω{l,l′}h,q,p 〉. On the other hand,
it can be argued theoretically and verified numerically that
these geometric connections are given by the hopping matrix
elements in Eq. (28). Since there is exactly one intermedi-
ate hopping process for each section of the loop, this suggests
that the phase θ2 is the phase of the product of all the hop-
ping matrix elements around the loop C. In fact, we need
to consider two additional phase factors due to the two holes
being exchanged. First, the exchanged ground state |Ω{ℓ,0}h,q,p〉
can contain a non-trivial phase factor with respect to the ini-
tial ground state |Ω{0,ℓ}h,q,p〉. Second, our hopping formalism in
the hole spin picture ignores the inherent fermionic nature of
the holes. Since the two hole spins are removed from both
ground states |Ω{0,ℓ}h,q,p〉 and |Ω{ℓ,0}h,q,p〉 by fermionic annihilation
operators, the exchange between the two holes corresponds to
a non-trivial phase factor −1 in the actual hole picture. The
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FIG. 11: Illustrations of the two processes that are used to evaluate
the statistical angle ϑ = θ2− θ1. (a) Exchange process for obtaining
θ2. Two identical holes with the given quantum numbers at sites
0 and ℓ = 9 (black and white dots) are exchanged along a closed
loop of length L = 18. The subsequent hopping processes for the
respective holes are marked by black and white arrows. (b) Looping
process for obtaining θ1. One hole with the same quantum numbers
at site 0 (black dot) is moved around the same closed loop. The
subsequent hopping processes are marked by black arrows.
geometric phase θ2 thus takes the form
θ2 = arg
[
−〈Ω{0,ℓ}h,q,p∣∣Ω{ℓ,0}h,q,p〉
L−1∏
l=0
T
(2)
l,l+1
]
, (39)
T
(2)
l,l+1 = −
t
〈
Ω
{l+1,l′}
h,q,p
∣∣El,l+1∣∣Ω{l,l′}h,q,p 〉√〈
Ω
{l+1,l′}
h,q,p
∣∣Ω{l+1,l′}h,q,p 〉〈Ω{l,l′}h,q,p ∣∣Ω{l,l′}h,q,p 〉 . (40)
Note that the matrix element T(2)l,l+1 does not depend on the
site l′ of the other hole as the two holes are assumed to be
isolated at each step of the exchange process.
The geometric phase of the exchange process can be written
as a sum of two terms: θ2 = ϑ + θ1. The first term ϑ is
the actual statistical phase that specifies the particle statistics,
while the second term θ1 is the geometric (Berry) phase of a
looping process in which a single hole at site 0 with the same
quantum numbers h, q, and p is moved adiabatically slowly
around the same closed loop C. Since the statistical angle is
given by ϑ = θ2 − θ1 in terms of the two geometric phases,
we also need to obtain the second phase θ1.
The adiabatic looping process around the loop C starts
from the initial ground state |Ω{0}h,q,p〉, ends at the final
ground state |Ω{L}h,q,p〉 ≡ |Ω{0}h,q,p〉, and happens via subse-
quent nearest-neighbor hopping processes through intermedi-
ate ground states |Ω{l}h,q,p〉, where 0 < l < L. These hopping
processes are illustrated in Fig. 11(b). As in the case of the ex-
change process, the geometric phase θ1 of the looping process
arises from the geometric connections between the interme-
diate ground states, and is therefore related to the product of
the hopping matrix elements around the loop C. However, the
two additional phase factors are absent because no holes are
being exchanged. The geometric phase θ1 thus takes the form
θ1 = arg
[
L−1∏
l=0
T
(1)
l,l+1
]
, (41)
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T
(1)
l,l+1 = −
t
〈
Ω
{l+1}
h,q,p
∣∣El,l+1∣∣Ω{l}h,q,p〉√〈
Ω
{l+1}
h,q,p
∣∣Ω{l+1}h,q,p 〉〈Ω{l}h,q,p∣∣Ω{l}h,q,p〉 . (42)
Importantly, the matrix element T(1)l,l+1 is in most cases iden-
tical to the matrix element T(2)l,l+1 because the presence of the
other isolated hole is irrelevant. The only exception is the case
of h = 1 and q = 1 when there is a string of excited bond
fermions connected to the hole and the hopping is sensitive to
excited bond fermions [see Eq. (33)]. It is then relevant for at
least one section of the loop C whether the other end of the
string is at the other hole moving around the same loop or at a
stationary hole in the background.
We are now ready to determine the particle statistics of
the various hole types. From a direct comparison between
Eqs. (39) and (41), the statistical phase becomes
ϑ = arg
[
−〈Ω{0,ℓ}h,q,p∣∣Ω{ℓ,0}h,q,p〉
L−1∏
l=0
(
T
(2)
l,l+1
T
(1)
l,l+1
)]
. (43)
Furthermore, if the holes have quantum numbers other than
h = 1 and q = 1, the matrix elements T(1)l,l+1 and T
(2)
l,l+1 are
identical, and therefore Eq. (43) reduces to
ϑ = arg
[
−〈Ω{0,ℓ}h,q,p∣∣Ω{ℓ,0}h,q,p〉] . (44)
By evaluating ϑ for all hole types, we can then directly obtain
their particle statistics: ϑ = 0 is indicative of bosons, while
ϑ = π is indicative of fermions.
For holes with h = 0 and q = 0, the initial ground state
|Ω{0,ℓ}0,0,p 〉 and the final ground state |Ω{ℓ,0}0,0,p 〉 are identical by
construction. In the isolated dimer limit, the two ground states
for p = 0 holes are |Ω{0,ℓ}0,0,0 〉 = |Ω{ℓ,0}0,0,0 〉 = Q{0,ℓ}P|0〉. In
the general case, there are additional operators Bp 6= 1 and
F0;0 6= 1 that set the bond fermion and the matter fermion sec-
tors. On the other hand, these operators are the same for both
ground states, and therefore the relation |Ω{0,ℓ}0,0,p 〉 = |Ω{ℓ,0}0,0,p 〉
remains true. Since applying Eq. (44) then gives ϑ = π, we
conclude that holes with h = 0 and q = 0 are fermions.
For holes with h = 0 and q = 1, the initial ground state
|Ω{0,ℓ}0,1,p 〉 and the final ground state |Ω{ℓ,0}0,1,p 〉 are only identi-
cal up to a minus sign as the two ground states have the two
hole fermions at sites 0 and ℓ excited in an opposite order.
In the isolated dimer limit, the two ground states for p = 0
holes are |Ω{0,ℓ}0,1,0 〉 = −|Ω{ℓ,0}0,1,0 〉 = Q{0,ℓ}Pf †z˜(0)f †z˜(ℓ)|0〉. In
the general case, there are additional operators Bp 6= 1 and
F1;0 6= 1 that set the bond fermion and the matter fermion sec-
tors. On the other hand, these operators are the same for both
ground states, and therefore the relation |Ω{0,ℓ}0,1,p 〉 = −|Ω{ℓ,0}0,1,p 〉
remains true. Since applying Eq. (44) then gives ϑ = 0, we
conclude that holes with h = 0 and q = 1 are bosons.
It is crucial that holes with h = 1 can move only around
the plaquettes of particular stripes: even stripes for q = 0 and
odd stripes for q = 1. Furthermore, it is shown by Fig. 7 that
q = 0 holes in even stripes are equivalent to q = 1 holes in
odd stripes. This implies that these two hole types have the
same particle statistics, and therefore it is enough to consider
one of them. We choose to consider holes with h = 1 and
q = 0 because Eq. (44) is then applicable. For these holes, the
only difference in the ground state with respect to holes with
h = 0 and q = 0 is the presence of an additional flux-binding
operator X1 6= 1. On the other hand, this operator is the same
for the initial and the final ground states, and therefore the
two ground states are identical: |Ω{0,ℓ}1,0,p 〉 = |Ω{ℓ,0}1,0,p 〉. Since
applying Eq. (44) then gives ϑ = π, we conclude that holes
with h = 1 and q = {0, 1} are fermions.
To supplement the above derivations, we also provide an
intuitive explanation for the particle statistics found. The main
principle is that the holes in the model can bind the elementary
excitations of the model: fluxes and fermions. The various
hole types with different quantum numbers h and q are then
distinguished only by the kinds of elementary excitations that
are bound to them. In particular, a hole with a non-trivial flux
quantum number h = 1 has a bound flux, while a hole with
a non-trivial fermion quantum number q = 1 has a bound
fermion. Holes with h = 0 and q = 0 are interpreted as bare
holes with no elementary excitations bound to them. Since
bare holes are missing spin one-half fermions, it is natural that
they are fermions themselves. Conversely, the remaining three
types of holes are interpreted as composite holes made out of
bare holes and elementary excitations. Due to the presence
of the bound excitations, their statistics can be different from
that of bare holes. For holes with h = 0 and q = 1, the
binding of a fermion leads to a statistical transmutation, and
therefore these holes are bosons. For holes with h = 1 and
q = 0, the binding of a flux has no effect on the statistics,
and therefore these holes are fermions. We might then naively
expect that holes with h = 1 and q = 1 should be bosons
because there is a statistical transmutation due to the binding
of a fermion. However, the bound flux and the bound fermion
have semionic relative statistics. Since this corresponds to an
additional transmutation for the composite hole, these holes
are in fact fermions. The particle statistics of the various hole
types along with their interpretations in terms of the bound
excitations are summarized in Table VI.
Hole type Statistics Interpretation
h = 0
q = 0 Fermion Bare hole
q = 1 Boson Hole + fermion
h = 1
q = 0 Fermion Hole + flux
q = 1 Fermion Hole + flux + fermion
TABLE VI: Absolute statistics of holes with flux quantum numbers
h = {0, 1} and fermion quantum numbers q = {0, 1} from a process
when two identical holes are exchanged. Interpretations are given in
terms of elementary excitations bound.
It is also useful to investigate the relative statistics between
the various hole types. To this end, we consider two loop-
ing processes in which a hole with quantum numbers h and
q is moved around a closed loop C. In the first case, there is
no hole enclosed by the loop, and Eq. (41) gives a geomet-
ric phase θ1. In the second case, there is one stationary hole
with quantum numbers h′ and q′ enclosed by the loop, and
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Eq. (41) gives a geometric phase θ′1. The relative statistics
between holes with quantum numbers h and q and holes with
quantum numbers h′ and q′ is then specified by the relative
statistical phase ϑ′ = θ′1 − θ1. For ϑ′ = 0, the two hole types
have trivial relative statistics, while for ϑ′ 6= 0, the two hole
types have anyonic relative statistics. Importantly, the relative
statistical phase ϑ′ is symmetric in the two hole types: it does
not depend on which one is kept stationary and which one is
moved around the loop.
We first notice that the two looping processes giving the
phases θ1 and θ′1 are not both possible for all combinations of
the quantum numbers. For mobile holes with h = 1, the ex-
change process and the looping process with no hole enclosed
are barely possible, but the looping process with a stationary
hole enclosed is impossible. Since these holes can move only
around the plaquettes of particular stripes, there is no space
for a stationary hole inside any loop they can possibly move
around. This means that the mobile hole must have a trivial
flux quantum number h = 0. On the other hand, the station-
ary hole can then only influence the hopping of the mobile
hole if the stationary hole is connected to a string of excited
bond fermions and the hopping of the mobile hole is sensi-
tive to excited bond fermions. This corresponds to quantum
numbers h′ = 1 and q′ = {0, 1} for the stationary hole and
quantum numbers h = 0 and q = 1 for the mobile hole. In
these cases, one hopping matrix element picks up a minus sign
at the intersection point of the loop and the string of excited
bond fermions [see Eq. (33)]. This implies that the relative
statistical phase is ϑ′ = π, and therefore the two hole types
have semionic relative statistics. In all other possible cases,
the hopping of the mobile hole is not influenced by the sta-
tionary hole. This implies that the relative statistical phase is
ϑ′ = 0, and therefore the two hole types have trivial relative
statistics. The results for the relative statistics between the
various hole types are summarized in Table VII.
Hole type h
′ = 0 h′ = 1
q′ = 0 q′ = 1 q′ = 0 q′ = 1
h = 0
q = 0 0 0 0 0
q = 1 0 0 π π
h = 1
q = 0 − − − −
q = 1 − − − −
TABLE VII: Relative statistics between holes with quantum num-
bers h and q and holes with quantum numbers h′ and q′ from a
process when the former hole type is moved around the latter hole
type: ϑ′ = 0 indicates trivial statistics, ϑ′ = π indicates semionic
statistics, while there is no value if the process is impossible.
We can also interpret the relative statistics in terms of the el-
ementary excitations bound to the holes. First, two bare holes
or two identical elementary excitations have trivial relative
statistics. Second, the relative statistics between a bare hole
and an elementary excitation is trivial, while that between a
flux and a fermion is semionic. As a result of these properties,
the relative statistics between two identical holes and that be-
tween a bare hole and a composite hole is trivial, while that
between two distinct composite holes is semionic. The entries
of Table VII can then be obtained, even the ones that corre-
spond to impossible processes: the diagonal entries and the
entries of the first row or the first column are ϑ′ = 0, while
the remaining entries are ϑ′ = π. We finally remark that all of
our results for the absolute and the relative particle statistics
are consistent with the correspondence between the various
hole types and the superselection sectors (see Table V).
VII. FINITE DENSITY OF MOBILE HOLES
A. Non-interacting treatment
We now consider the Kitaev honeycomb model with a finite
density of mobile holes. The hole density ρ = n/2N gives the
fraction of sites l that are hole sites l ∈ ∆. For simplicity, we
assume a small hole density ρ ≪ 1 and neglect any hole in-
teractions. The ground state of the model is then a multi-hole
state of n non-interacting holes: depending on their particle
statistics, these holes either form a Bose condensate or fill up
a Fermi sea. By evaluating the multi-hole energy for all com-
binations of h = {0, 1} and q = {0, 1}, we can determine the
ground-state quantum numbers.
The most straightforward way to represent the multi-hole
state is to use appropriate single-hole creation and annihilation
operators. If the operator a(†)h,q,p(Rl) annihilates (creates) a
hole at site l with quantum numbers h, q, and p, the multi-hole
state of n stationary holes at sites ∆ = {lj} with quantum
numbers {hj}, {qj}, and {pj} reads as
∣∣Ω∆h,q,p〉 = n∏
j=1
a†hj ,qj ,pj (Rlj ) |Ω〉, (45)
where |Ω〉 is the ground state of the model with no holes, and
the lattice position Rl = (Xl, Yl) of the site l is measured in
units of the lattice constant. We now assume and later ver-
ify that holes with distinct flux quantum numbers h = {0, 1}
are not simultaneously present in this multi-hole state. Since
Table VII shows that no anyonic relative statistics manifests
itself between holes with identical flux quantum numbers, the
single-hole operators a(†)h,q,p(Rl) can then be treated as stan-
dard bosonic and fermionic operators. In particular, they sat-
isfy bosonic commutation relations in the case of h = 0 and
q = 1, and fermionic anticommutation relations in all other
cases, except for an overall hard-core constraint that there can
be at most one hole of any type at each site. However, if the
hole density ρ is sufficiently small, this hard-core constraint is
practically irrelevant. We can then write an effective Hamilto-
nian for the model with nmobile holes in terms of the standard
bosonic and fermionic operators a(†)h,q,p(Rl). In the absence of
hole interactions, this Hamiltonian is quadratic: it contains an
onsite potential term corresponding to the flux-binding energy
discussed in Sec. V B and several hopping terms correspond-
ing to the hopping problems in Fig. 8. Taking the isolated
dimer limit and keeping only the lowest-order terms in J ≪ 1,
the effective Hamiltonian takes the form
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Ha = Γ0 − 9J
8
1024
∑
l
∑
q,p
nˆ1,q,p(Rl)− t
2
∑
l∈A
∑
α=x,y
∑
h,q,p
[
a†h,q,p(Rl) ah,q,p(Rα(l)) + H.c.
]
− t
∑
l∈A
∑
p
[
a†0,0,p(Rl) a0,0,p(Rz(l)) + H.c.
]
− 3J
4 t
16
∑
l∈A
∑
p
[
a†0,1,p(Rl) a0,1,p(Rz(l)) + H.c.
]
(46)
− t
∑
l∈A′
∑
p
[
a†1,0,p(Rl) a1,0,p(Rz(l)) + H.c.
]
− t
∑
l∈A′′
∑
p
[
a†1,1,p(Rl) a1,1,p(Rz(l)) + H.c.
]
,
where Γ0 is the ground-state energy of the model with n stationary h = 0 holes, and nˆh,q,p(Rl) ≡ a†h,q,p(Rl)ah,q,p(Rl) is
the number operator. The fixed total number of holes is enforced by the constraint n =
∑
l
∑
h,q,p〈nˆh,q,p(Rl)〉. Note that the
coefficients of the hopping terms in Eq. (46) are the hopping amplitudes in Fig. 8: those along the bonds marked by dashed lines
are given by Eq. (38), while those along the bonds marked by dotted lines are exactly zero. Since the hopping problems for
h = 1 holes break the translational symmetry of the lattice, it is necessary to divide each sublattice A and B into two further
sublattices: A = A′ ∪A′′ and B = B′ ∪B′′, where sites in the sublattices A′ and B′ are pairwise connected by z bonds in even
stripes, and sites in the sublattices A′′ and B′′ are pairwise connected by z bonds in odd stripes.
The Hamiltonian in Eq. (46) is quadratic, and therefore it becomes diagonal after an appropriate transformation of the single-
hole operators a(†)h,q,p(Rl). Due to the translational symmetry of the hopping problems, the new single-hole operators a˜
(†)
h,q,p(k, ν)
are labeled with the lattice momentum k = (kX , kY ) conjugate to the lattice position R = (X,Y ). In terms of the original
real-space operators, these new momentum-space operators are given by
a˜0,q,p(k, ν) =
1√
N
∑
l∈A
[
βA0,q(k, ν) a0,q,p(Rl) e
−ik·Rl + βB0,q(k, ν) a0,q,p(Rz(l)) e
−ik·Rz(l)
]
,
a˜1,q,p(k, ν) =
√
2
N
∑
l∈A′
[
βA
′
1,q(k, ν) a1,q,p(Rl) e
−ik·Rl + βB
′
1,q(k, ν) a1,q,p(Rz(l)) e
−ik·Rz(l) (47)
+ βA
′′
1,q (k, ν) a1,q,p(Rx(z(l))) e
−ik·Rx(z(l)) + βB
′′
1,q (k, ν) a1,q,p(Ry(l)) e
−ik·Ry(l)
]
,
where the coefficients βh,q(k, ν) ∼ 1 for the different sublat-
tices distinguish two bands ν = {1, 2} in the case of h = 0
and four bands ν = {1, 2, 3, 4} in the case of h = 1. In terms
of the momentum-space operators a˜(†)h,q,p(k, ν), the Hamilto-
nian in Eq. (46) takes the free-particle form
Ha = Γ0 +
∑
h,q,p
∑
k,ν
Λh,q(k, ν) n˜h,q,p(k, ν), (48)
where n˜h,q,p(k, ν) ≡ a˜†h,q,p(k, ν)a˜h,q,p(k, ν) is the number
operator in momentum space. The constraint on the total num-
ber of holes is then n =
∑
h,q,p
∑
k,ν〈n˜h,q,p(k, ν)〉.
To evaluate the multi-hole energy as the expectation value
of the Hamiltonian in Eq. (48), we need to know the energies
Λh,q(k, ν) and the occupation numbers 〈n˜h,q,p(k, ν)〉 of the
single-hole states. In the ground state of the model, holes oc-
cupy only the lowest-energy single-hole states, and it is there-
fore enough to determine the single-hole energy Λh,q(k, ν)
around its overall minimum. On the other hand, the overall
minimum of Λh,q(k, ν) in the lowest band ν = 1 is at zero
momentum because the hopping amplitudes in Fig. 8 are all
non-positive. Expanding Λh,q(k, 1) up to quadratic order in
the momentum around k = 0, and keeping the lowest-order
terms in J ≪ 1, the single-hole dispersion relations for the
different quantum numbers are given by
Λ0,0(k, 1) =
[
−2 + 3k
2
X
8
+
9k2Y
16
]
t,
Λ0,1(k, 1) =
[
−1 + 3k
2
X
8
+
27J4k2Y
128
]
t, (49)
Λ1,q(k, 1) = − 9J
8
1024
+
[
−1 +
√
5
2
+
3k2X
4
√
5
]
t.
Since h = 1 holes are not allowed to hop at all between their
stripes, their dispersion relation is independent of the compo-
nent kY at all orders of the momentum.
When turning our attention to the corresponding occupa-
tion numbers 〈n˜h,q,p(k, 1)〉 around zero momentum, we as-
sume that all holes in the multi-hole state have identical quan-
tum numbers h and q. It is then crucial to notice that certain
holes are bosons, while others are fermions. If the holes are
bosons, they all occupy the zero-momentum state. For holes
with h = 0 and q = 1, the average single-hole energy in the
multi-hole state is then 〈Λ0,1(k, ν)〉 = −t. If the holes are
fermions, they fill up a Fermi sea around the zero-momentum
state: each state inside the Fermi surface is occupied by two
holes with different quantum numbers p = {0, 1}, while the
states outside the Fermi surface are unoccupied. For holes
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FIG. 12: Occupations of the single-hole states for different combina-
tions of the flux quantum number h = {0, 1} and the fermion quan-
tum number q = {0, 1}. In the bosonic case, the lowest-energy state
of macroscopic occupation is marked by a black dot. In the fermionic
cases, the Fermi sea states of constant occupation are marked by gray
shading, while the Fermi surface separating occupied and unoccu-
pied states is marked by a dashed line.
with h = 0 and q = 0, the equipotential curves are ellipses of
similar half-axes. The Fermi sea is therefore an ellipse of half-
axes ∆kX ∼ ∆kY ∼ √ρ, and the average single-hole energy
is 〈Λ0,0(k, ν)〉 = −2t+ κ1tρ, where κ1 ∼ 1. For holes with
h = 1 and q = {0, 1}, the equipotential curves are lines par-
allel to the kY direction. The Fermi sea is therefore a strip of
half-width ∆kX ∼ ρ, and the average single-hole energy is
〈Λ1,q(k, ν)〉 = −9J8/1024 − (1 +
√
5)t/2 + κ2tρ
2
, where
κ2 ∼ 1. The occupation numbers of the single-hole states
for the different quantum numbers h and q are illustrated in
Fig. 12, while the resulting average single-hole energies in the
multi-hole state are summarized in Table VIII.
Hole type Average single-hole energy
h = 0
q = 0 −2t+ κ1tρ
q = 1 −t
h = 1
q = 0 −9J8/1024 − (1 +√5)t/2 + κ2tρ2
q = 1
TABLE VIII: Average single-hole energy 〈Λh,q(k, ν)〉 in the model
with a density ρ ≪ 1 of mobile holes with flux quantum numbers
h = {0, 1} and fermion quantum numbers q = {0, 1}.
We are now ready to identify the ground-state quantum
numbers of the model. Since the total number of holes is fixed,
the average single-hole energies 〈Λh,q(k, ν)〉 for the different
quantum numbers can be compared directly. Furthermore, the
assumption of small hole density ρ ≪ 1 means that the ener-
gies ∼ tρ and ∼ tρ2 are negligible compared to the energies
∼ t. The results in Table VIII then indicate two complemen-
tary regimes in the behavior of the model. In the first regime
with J8 ≪ t ≪ J4, holes with h = 0 and q = 0 have the
lowest average energy. This means that all holes in the ground
state have quantum numbers h = 0 and q = 0. At each mo-
mentum k within the Fermi ellipse of Fig. 12, there are two
holes with quantum numbers p = {0, 1}. In the second regime
with t≪ J8, holes with h = 1 and q = {0, 1} have the lowest
average energy. This means that all holes in the ground state
have quantum numbers h = 1. At each momentum k within
the Fermi strip of Fig. 12, there are four holes with quantum
numbers q = {0, 1} and p = {0, 1}. Note that our original
assumption of no anyonic relative statistics is self-consistent
as all holes in the ground state are h = 0 holes in the first
regime and h = 1 holes in the second regime.
Due to the distinct ground states, the model also has differ-
ent physical properties in the two regimes. We consider the
net magnetization and the electrical conductivities in the X
and Y directions. The net magnetization is the sum of the lo-
cal hole magnetizations (−1)q+p and is zero in both regimes
because each hole with quantum numbers h, q, and p has a
pair with quantum numbers h, q, and 1 − p. In terms of the
partial densities ρh,q =
∑
p
∑
k
〈n˜h,q,p(k, 1)〉/2N of the var-
ious hole types, the conductivities in the two directions are
σ∗X,Y = e
2
∗τ
∑
h,q
ρh,q
[
∂2Λh,q(k, 1)
∂k2X,Y
]
k=0
, (50)
where e∗ is the hole charge, and τ is the elastic scattering
time. In the first regime with J8 ≪ t ≪ J4, the partial hole
densities are ρ0,0 = ρ and ρ1,q = ρh,1 = 0. Since the ef-
fective masses [∂2Λ0,0(k, 1)/∂k2X,Y ]−1 are similar in the X
and Y directions, the conductivity is approximately isotropic:
σ∗X ∼ σ∗Y ∼ tρe2∗τ . In the second regime with t ≪ J8, the
partial hole densities are ρ1,q = ρ/2 and ρ0,q = 0. Since the
effective masses [∂2Λ1,q(k, 1)/∂k2X,Y ]−1 are finite in the X
direction and infinite in the Y direction, the conductivity is
extremely anisotropic: σ∗X ∼ tρe2∗τ and σ∗Y = 0.
B. Mean-field treatment of interactions
We now consider hole interactions in the model with a small
density ρ ≪ 1 of mobile holes. To represent an interaction
of strength ∆Γ0 between two holes at a relative lattice posi-
tion R = R2 − R1, we need to add an appropriate quartic
term to the Hamiltonian in Eq. (46). Restricting our attention
to the Coulomb repulsion and the two attraction mechanisms
discussed in Sec. V C, this quartic term takes the general form
∆Ha = ∆Γ0
∑
R1
a†h1,q′1,p1(R1) a
†
h2,q′2,p2
(R1 +R)
× ah2,q2,p2(R1 +R) ah1,q1,p1(R1). (51)
The flux quantum numbers h1,2 and the plaquette quantum
numbers p1,2 are conserved by such a general hole interac-
tion, while the fermion quantum numbers q1,2 6= q′1,2 satisfy
the relation q′1 + q′2 = q1 + q2 modulo 2 so that the global
constraint
∑
j qj = even is not violated.
Since the flux quantum numbers are conserved, the two
complementary regimes found in Sec. VII A remain appli-
cable in the presence of hole interactions: all holes in the
ground state have quantum numbers h = 0 in the first regime
with J8 ≪ t ≪ J4, while they all have quantum numbers
h = 1 in the second regime with t ≪ J8. We can then con-
sider the two regimes independently from each other with only
h ≡ h1,2 = 0 holes in the first regime and only h ≡ h1,2 = 1
holes in the second regime. On the other hand, this means that
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our assumption of no anyonic relative statistics remains self-
consistent in the presence of hole interactions. Expressing the
real-space operators a(†)h,q,p(Rl) in terms of the momentum-
space operators a˜(†)h,q,p(k, ν), and considering only the lowest
band ν = 1, the quartic term in Eq. (51) becomes
∆Ha =
∆Γ0
N
∑
k1,k2,k′
Υh,qˆ(k) e
ik′·R a˜†h,q′1,p1(k1 + k
′)
× a˜†h,q′2,p2(k2 − k
′) a˜h,q2,p2(k2) a˜h,q1,p1(k1),
(52)
where a˜(†)h,q,p(k) ≡ a˜(†)h,q,p(k, 1), and the quantity Υh,qˆ(k) ∼ 1
with qˆ ≡ {q1, q2, q′1, q′2} depends on the various coefficients
βh,q(k) ≡ βh,q(k, 1) ∼ 1 for the different sublattices.
The behavior of the model is influenced by hole interactions
in several ways. We aim to specify the extent of applicability
of the results in Sec. VII A for the ground-state quantum num-
bers and the corresponding physical properties. To this end,
we investigate how hole interactions renormalize the average
single-hole energies in Table VIII as a function of the partial
hole densities ρh,q. In practice, we apply a standard mean-
field decomposition to the Hamiltonian: each quartic term in
Eq. (52) is decomposed into two constituent quadratic terms,
and each quadratic term is coupled to the expectation value of
the other one. The single-hole energies Λh,q(k) ≡ Λh,q(k, 1)
in Eq. (48) are then renormalized by the mean-field decom-
position of any quartic term that is a product of two number
operators n˜h,q,p(k) ≡ n˜h,q,p(k, 1). In general, if we keep
all such quartic terms in Eq. (52), and include all the equiva-
lent quartic terms that differ only in their conserved plaquette
quantum numbers p1,2, the resulting mean-field decomposi-
tion takes the approximate form
∆H˜a ∼ ∆Γ0
N
∑
k1,k2
[
〈n˜h,q1(k1)〉 n˜h,q2(k2)
+ 〈n˜h,q2(k2)〉 n˜h,q1(k1)
]
, (53)
where n˜h,q(k) ≡
∑
p n˜h,q,p(k). Since ρ =
∑
h,q ρh,q and∑
k
〈n˜h,q(k)〉 = 2Nρh,q, the single-hole energies in Eq. (48)
are renormalized by ∆Λh,q(k) ∼ ∆Γ0 ρ.
1. First regime: J8 ≪ t≪ J4
In the first regime with J8 ≪ t ≪ J4, all holes in the
ground state have flux quantum numbers h = 0, and therefore
all quartic terms in Eq. (51) have h ≡ h1,2 = 0. In the region
around zero momentum occupied by holes, the coefficients
β0,q(k) for the two sublattices A and B are
βA0,0(k) =
1√
2
, βB0,0(k) =
1√
2
eikY /4,
βA0,1(k) =
1√
2
, βB0,1(k) =
1√
2
e−ikY /2. (54)
Furthermore, the total hole density is ρ = ρ0,0+ ρ0,1 in terms
of the partial hole densities ρh,q.
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FIG. 13: (a) Site labeling convention around two interacting holes
(white and black dots) at the relative lattice positions R±. (b) Bond
fermion sector around the same two holes when fluxes are bound to
them: it is labeled with the excited bond fermions (thick lines) and
the corresponding plaquette operator eigenvalues (±1).
It is instructive to first consider hole interactions that con-
serve the fermion quantum numbers q1,2 = q′1,2 and are also
independent of them. Hole interactions of this type include
the Coulomb repulsion and the first attraction mechanism of
Sec. V C. In this case, each quartic term in Eq. (52) with
k
′ = 0 is a product of two number operators. Keeping only
the terms with k′ = 0, using that Υ0,qˆ(k) = 1/4 for all such
terms, and summing over the quantum numbers q1,2 and p1,2,
the mean-field decomposition becomes
∆H˜a =
∆Γ0
4N
∑
q1,q2
∑
k1,k2
[
〈n˜0,q1(k1)〉 n˜0,q2(k2)
+ 〈n˜0,q2(k2)〉 n˜0,q1(k1)
]
. (55)
Since
∑
q
∑
k
〈n˜0,q(k)〉 = 2Nρ for both equivalent terms in-
side its square brackets, Eq. (55) reduces to
∆H˜a = ∆Γ0 ρ
∑
q
∑
k
n˜0,q(k). (56)
From a comparison between Eqs. (48) and (56), we conclude
that the single-hole energies for h = 0 and q = {0, 1} are
renormalized by ∆Λ0,q(k) = ∆Γ0 ρ. Since this energy de-
pends only on the total hole density ρ, it corresponds to a con-
stant shift for all the single-hole energies. This means that the
results for the ground state in Sec. VII A are not affected by
hole interactions of this type.
Importantly, the second attraction mechanism of Sec. V C
switches the fermion quantum numbers q1,2 = 1 − q′1,2. It
is therefore represented by quartic terms in Eq. (52) where
either q1 = q2 and q′1 = q′2 or q1 = q′2 and q′1 = q2. In
the first case, the quartic term is never a product of two num-
ber operators, while in the second case, it is a product of two
number operators when k′ = k2 − k1. According to the dis-
cussion in Sec. V C, this interaction has the largest strength
|∆Γ0| = 1 when the two holes are at neighboring sites con-
nected by a z bond, or equivalently, at a relative lattice posi-
tion Rz = (0, 1). However, the two holes in this case have
a mutual hole fermion, and therefore their fermion quantum
numbers become ill-defined. If we require the fermion quan-
tum numbers to be well-defined, the interaction has the largest
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strength |∆Γ0| = J when the two holes are at the relative lat-
tice positions R± = (±
√
3/2, 5/2) shown in Fig. 13. Setting
q1 = q
′
2 = q˜ and q′1 = q2 = 1−q˜, keeping only the terms with
k
′ = k2 − k1 for both relative positions R±, and summing
over q˜ and p1,2, the mean-field decomposition becomes
∆H˜a =
1
N
∑
q˜
∑
k1,k2
∑
±
∆Γ0(q˜,±)Υ0,qˆ(k) ei(k2−k1)·R±
×
[
〈n˜0,q˜(k1)〉 n˜0,1−q˜(k2) + 〈n˜0,1−q˜(k2)〉 n˜0,q˜(k1)
]
,
Υ0,qˆ(k) =
{ 1
4e
i(k1+2k2)·Rz/4 (q˜ = 0)
1
4e
−i(2k1+k2)·Rz/4 (q˜ = 1).
(57)
The four interaction strengths ∆Γ0(q˜,±) can be obtained by
treating the Ising interactions −Jσxl σxx(l) and −Jσyl σyy(l) as
perturbations around the isolated dimer limit. Using the site
labeling convention in Fig. 13, the interaction strength in the
case of q˜ = 0 for the relative position R+ is
∆Γ0(0,+) = +J〈0|f1(ibx3c3)(ibx4c4)f †3 |0〉 (58)
= −iJ〈0|uˆ3,4f1c3c4f †3 |0〉 = −Ju3,4 = −J,
where an additional minus sign arises because the correspond-
ing quartic term in Eq. (51) does not only transfer the bound
matter fermion from R2 to R1 but also exchanges the two
bare holes at R1,2. Note that ul,α(l) = +1 for all bonds be-
cause no bond fermions are excited. The interaction strength
in the other case q˜ = 1 is the Hermitian conjugate of Eq. (58),
while that for the other relative position R− is equivalent to
it via site relabeling, and thus ∆Γ0(q˜,±) = −J in both cases
and for both relative positions. On the other hand, this implies
that the mean-field decomposition in Eq. (57) becomes
∆H˜a = − J
N
∑
k1,k2
cos
[√
3
2 k˜X
]
cos
[
9
4k1,Y − 3k2,Y
]
×
[
〈n˜0,0(k1)〉 n˜0,1(k2) + 〈n˜0,1(k2)〉 n˜0,0(k1)
]
,
(59)
where k˜ = (k˜X , k˜Y ) ≡ k1 − k2 is the relative lattice mo-
mentum. Since the original single-hole energies Λ0,q(k) in
Eq. (49) and their renormalizations ∆Λ0,q(k) resulting from
Eq. (59) are both minimal for k1,2 = 0, the smallest renor-
malized single-hole energies Λ′0,q(k) ≡ Λ0,q(k) + ∆Λ0,q(k)
are obtained if holes occupy the single-hole states around
zero momentum. By approximating
∑
k
ψ(k)〈n˜0,q(k)〉 with
ψ(〈k〉)∑
k
〈n˜0,q(k)〉 for any function ψ(k) in terms of the
respective central momenta 〈k1,2〉 = 0, and making use of∑
k
〈n˜0,q(k)〉 = 2Nρ0,q, Eq. (59) reduces to
∆H˜a = −2Jρ0,1
∑
k
cos
[√
3
2 kX
]
cos
[
9
4kY
]
n˜0,0(k)
−2Jρ0,0
∑
k
cos
[√
3
2 kX
]
cos
[
3kY
]
n˜0,1(k).
(60)
From a comparison between Eqs. (48) and (60), we conclude
that the single-hole energies for h = 0 and q = {0, 1} are ap-
proximately renormalized by ∆Λ0,q(0) = −2Jρ0,1−q in the
region around zero momentum. If we keep only the leading-
order terms in ρ ≪ 1, the average single-hole energies in Ta-
ble VIII are then given by 〈Λ′0,0(k)〉 = −2t − 2Jρ0,1 and
〈Λ′0,1(k)〉 = −t− 2Jρ0,0.
Assuming that the results for the ground state in Sec. VII A
remain applicable so that ρ0,0 = ρ and ρ0,1 = 0, the two
average single-hole energies 〈Λ′0,q(k)〉 become equal at the
critical hole density ρ = ρC = t/2J . At subcritical densities
ρ < ρC , we find that 〈Λ′0,0(k)〉 < 〈Λ′0,1(k)〉 for all possi-
ble values of the partial densities ρ0,q . This means that the
ground-state values are ρ0,0 = ρ and ρ0,1 = 0, and that the re-
sults in Sec. VII A indeed remain applicable. At supercritical
densities ρ > ρC , there are equilibrium values of the partial
densities ρ0,q at which 〈Λ′0,0(k)〉 = 〈Λ′0,1(k)〉. By solving
〈Λ′0,0(k)〉 = 〈Λ′0,1(k)〉 and ρ = ρ0,0 + ρ0,1 for the two un-
knowns ρ0,q, the ground-state values are
ρ0,0 =
1
2
(ρ+ ρC) , ρ0,1 =
1
2
(ρ− ρC) . (61)
To summarize, only holes with h = 0 and q = 0 are present
in the low-density limit ρ → 0, while holes with h = 0 and
q = 1 appear above the critical density ρ = ρC . Note that
ρC = t/2J is small due to t≪ J4.
The subcritical and the supercritical regimes are also dis-
tinct in terms of their physical properties. At subcritical den-
sities, the physical properties of the model are as discussed
in Sec. VII A, except for a renormalization of the effective
masses and hence the electrical conductivities. At supercriti-
cal densities, the physical properties are changed in an essen-
tial way by the presence of holes with h = 0 and q = 1. Since
these holes are bosons, they all condense into the lowest-
energy single-hole state at zero momentum. This condensa-
tion then leads to charged superfluid behavior in the presence
of the Coulomb repulsion. Furthermore, due to the coherent
condensation of both p = 0 holes and p = 1 holes, the model
spontaneously develops a net magnetization.
2. Second regime: t≪ J8
In the second regime with t ≪ J8, all holes in the ground
state have flux quantum numbers h = 1, and therefore all
quartic terms in Eq. (51) have h ≡ h1,2 = 1. The coefficients
β1,q(k) for the four sublattices A′, B′, A′′, and B′′ are
βA
′
1,0(k) = β
A′′
1,1 (k) = ξ1(kX),
βB
′
1,0(k) = β
B′′
1,1 (k) = ξ1(kX) e
ikY , (62)
βA
′′
1,0 (k) = β
A′
1,1(k) = ξ2(kX) e
3ikY /2,
βB
′′
1,0 (k) = β
B′
1,1(k) = ξ2(kX) e
−ikY /2,
where ξ1,2(kX) ∈ R, and ξ21(kX) + ξ22(kX) = 1/2. Further-
more, the total hole density is ρ = ρ1,0 + ρ1,1 in terms of the
partial hole densities ρh,q.
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FIG. 14: Single-hole states occupied by holes with quantum numbers
h = 1 and q = {0, 1} in the non-interacting treatment (a) and in the
interacting treatment (b). Fermi sea states of constant occupation are
marked by gray shading, while the Fermi surface separating occupied
and unoccupied states is marked by a dashed line.
We first notice that the mean-field decomposition of a hole
interaction that is independent of the conserved fermion quan-
tum numbers q1,2 no longer takes the form of Eq. (56). Since
Υ1,qˆ(k) is not 1/4 for all quartic terms with k′ = 0 in
Eq. (52), the renormalizations ∆Λ1,q(k) of the single-hole
energies become dependent on the individual partial hole den-
sities ρ1,q. If we consider the Coulomb repulsion and the first
attraction mechanism of Sec. V C for all relative lattice po-
sitions R, the single-hole energies in Eq. (48) are renormal-
ized by ∆Λ1,q(k) = ∆Γ′0 ρ1,q+∆Γ′′0 ρ1,1−q , where the exact
values of ∆Γ′0 and ∆Γ′′0 depend on the detailed form of the
Coulomb repulsion. In the case of ∆Γ′0 > ∆Γ′′0 , the par-
tial hole densities remain ρ1,0 = ρ1,1 = ρ/2, while in the
case of ∆Γ′0 < ∆Γ′′0 , the partial hole densities become either
ρ1,0 = ρ and ρ1,1 = 0 or ρ1,0 = 0 and ρ1,1 = ρ. We assume
the first case in the following so that there are equal densities
of q = 0 holes and q = 1 holes in the ground state.
For the second attraction mechanism of Sec. V C at the rela-
tive lattice positions R±, the mean-field decomposition takes
the form of Eq. (57) with Υ1,qˆ(k) = 14Ξ(kX)ei(k2−k1)·Rz/2
and Ξ(kX) = 16ξ1(k1,X)ξ2(k1,X)ξ1(k2,X)ξ2(k2,X). Since
Fig. 13 shows that u3,4 = −1 and u3′,4′ = +1, the interac-
tion strengths are ∆Γ0(q˜,±) = ±J . On the other hand, this
implies that mean-field decomposition becomes
∆H˜a = − J
N
∑
k1,k2
Ξ(kX) sin
[√
3
2 k˜X
]
sin
[
3k˜Y
] (63)
×
[
〈n˜1,0(k1)〉 n˜1,1(k2) + 〈n˜1,1(k2)〉 n˜1,0(k1)
]
.
Unlike the original single-hole energies Λ1,q(k) in Eq. (49),
their renormalizations ∆Λ1,q(k) resulting from Eq. (63) are
not minimal for k1 = k2 = 0. We therefore need to de-
termine the ground-state occupations of the single-hole states
that correspond to the smallest renormalized single-hole ener-
gies Λ′1,q(k) ≡ Λ1,q(k) + ∆Λ1,q(k). Exploiting the equiv-
alence between q = 0 holes at momenta k1 and q = 1
holes at momenta k2, and noticing that both sine factors in
Eq. (63) depend only on the relative momentum k˜ ≡ k1−k2,
we conclude that the respective central momenta are related
by K = (KX ,KY ) ≡ 〈k1〉 = −〈k2〉, and minimize the
single-hole energies with respect to K. Since Λ1,q(k) does
not depend on the momentum component kY , the second sine
factor in Eq. (63) can be maximized independently. In par-
ticular, its maximum sin[3〈k˜Y 〉] = +1 corresponds to the
ground-state value KY = π/12. Furthermore, if we assume
KX ≪ 1, the first sine factor is approximately
√
3KX . Due
to
∑
k
〈n˜1,q(k)〉 = 2Nρ1,q = Nρ, the single-hole energies
around the central momenta 〈k1,2〉 = ±K are then renormal-
ized by ∆Λ1,q(k) ∼ −JρKX , and the average single-hole
energies in Table VIII take the form
〈Λ′1,q(k)〉 = C′(t, J)− κ0JρKX +
3
4
√
5
tK2X , (64)
where C′(t, J) and κ0 ∼ 1 are independent of KX . The
minimum of 〈Λ′1,q(k)〉 with respect to KX corresponds to
the ground-state value KX ∼ Jρ/t. By approximating∑
k
ψ(k)〈n˜1,q(k)〉 with ψ(〈k〉)
∑
k
〈n˜1,q(k)〉 for any func-
tion ψ(k) in terms of the central momenta 〈k1,2〉 = ±K, and
assuming KX ∼ Jρ/t≪ 1, Eq. (63) reduces to
∆H˜a = −J
2ρ2
t
∑
q
∑
k
Ξ˜
[
kX − (−1)qKX
]
× cos{3[kY − (−1)qKY ]} n˜1,q(k), (65)
where Ξ˜[kX − (−1)qKX ] ∼ 1 contains all dependence on
the momentum component kX . Importantly, the renormal-
ized single-hole energies Λ′1,q(k) resulting from Eq. (65) de-
pend on the momentum component kY as well. In fact, the
single-hole dispersion relations for q = {0, 1} holes around
their respective central momenta ±K are quadratic in both
the kX and the kY directions: the leading-order terms are
∼ t(kX∓KX)2 and∼ J2ρ2(kY ∓KY )2/t. This implies that
the Fermi seas for the two hole types are ellipses of half-axes
∆kX ∼ ρ
√
J/t and ∆kY ∼
√
t/J centered at ±K. Note
that ∆kY ≪ 1 due to t≪ J8 and that ∆kX ∼ KX ∆kY ≪ 1
due to KX ≪ 1 and ∆kY ≪ 1. Since our calculation result-
ing in these Fermi ellipses is valid for any hole density ρ > 0,
the Fermi strip described in Sec. VII A is unstable against an
arbitrarily small hole interaction. The Fermi ellipses of the in-
teracting treatment and the Fermi strip of the non-interacting
treatment are contrasted in Fig. 14.
In terms of physical properties, the main difference with
respect to the results in Sec. VII A is a finite electrical con-
ductivity in the Y direction. The conductivities in the X and
Y directions are still calculated by Eq. (50), except that we use
the renormalized single-hole energies Λ′1,q(k) and take their
second derivatives at the central momenta±K. Since the par-
tial hole densities are ρ1,q = ρ/2, and the second derivatives
are ∂2Λ′1,q(k)/∂k
2
X ∼ t and ∂2Λ′1,q(k)/∂k2Y ∼ J2ρ2/t, the
conductivities in the two directions become
σ∗X ∼ tρe2∗τ, σ∗Y ∼
J2ρ3e2∗τ
t
. (66)
Note in particular that σ∗X ∝ ρ and σ∗Y ∝ ρ3. Since the
ratio of the two conductivities is σ∗Y /σ∗X ∼ (Jρ/t)2 ≪ 1,
the model has a strong conductivity anisotropy that becomes
weaker as we increase the hole density ρ.
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VIII. MOBILE HOLES BEYOND SLOW HOPPING
By relaxing the condition of slow hopping, we qualitatively
describe the Kitaev honeycomb model with mobile holes in
the regimes of intermediate hopping (J4 ≪ t ≪ 1) and fast
hopping (t ≫ 1). We first consider a single isolated hole and
investigate the applicability of the internal quantum numbers
h, q, and p. Since the original definitions of these quantum
numbers in Sec. V B are in terms of the internal modes only,
they are not applicable beyond the limit of slow hopping when
the excitations in the bulk modes can no longer be neglected.
In the regime of intermediate hopping when t ≫ EP ∼ J4,
the bulk flux excitations are no longer negligible, and the hole
is surrounded by a cloud of fluctuating fluxes. In the regime
of fast hopping when t ≫ Ef ∼ 1, the bulk fermion excita-
tions are no longer negligible, and the hole is also surrounded
by a cloud of fluctuating fermions. On the other hand, the
hole combined with these excitation clouds has a well-defined
superselection sector that is conserved by the hopping pro-
cess due to the locality of the exchange operator El,l′ . This
means that the definitions of the quantum numbers h and q
can be generalized in terms of their correspondence to these
conserved superselection sectors. Furthermore, the only non-
trivial terms in the exchange operator El,l′ are the Heisenberg
terms in Eq. (23) that conserve the product of dimer opera-
tors λl = σzl σ
z
z(l) and the products of plaquette operators WP
both in even stripes and in odd stripes (see Sec. V D). This
means that the definitions of all quantum numbers h, q, and
p can be generalized in terms of these products such that they
are conserved by the hopping process: (−1)q+p = ∏l∈A λl,
(−1)h+p =∏P∈ηWP , and (−1)p =∏P∈µWP , where each
product is taken over a sufficiently large region that contains
the clouds of fluctuating fluxes and fermions. The quantum
numbers h, q, and p are then valid if the distances between
holes exceed the radii of these excitation clouds.
To provide an upper bound on the radius of each excitation
cloud, we notice that the fluctuating fluxes and fermions in-
crease the potential energy and decrease the kinetic energy of
the hole. This means that the two radii are determined by a
balance between the potential and the kinetic energies. Since
the excitation energy of a bulk flux is EP ∼ J4 and that of a
bulk fermion is Ef ∼ 1, the increase in the potential energy
is on the order of R2PEP ∼ R2PJ4 for a flux cloud of radius
RP and on the order of R2fEf ∼ R2f for a fermion cloud of
radius Rf . On the other hand, since the decrease in the ki-
netic energy due to both excitation clouds is at most ∼ t, the
increase in the potential energy due to either excitation cloud
must be bounded by . t. We therefore conclude that the up-
per bound on the flux cloud radius is RP .
√
t/J4 and that
on the fermion cloud radius is Rf .
√
t.
We are now ready to investigate the ground-state quantum
numbers h and q for a finite density of mobile holes. For sim-
plicity, we consider the case of J4 ≪ t ≪ 1 when only the
plauqettes are fluctuating around the holes. To ensure that the
quantum numbers h and q are valid, we assume a small hole
density ρ ≪ R−2P and neglect any hole interactions. Since
the hopping matrix elements are independent of the quantum
numbers p, we also set p = q for each hole without loss of
generality. Due to the lack of broken dimers in the isolated
dimer limit, the plaquette sector is then conserved by all hop-
ping processes along z bonds. Since the hopping processes
along x and y bonds either flip no plaquettes or two plaque-
ttes in each of two neighboring stripes (see Fig. 6), this im-
plies that the number of excited plaquettes has a conserved
parity in each stripe. If there are an odd number of excited
plaquettes in any stripe around any hole, the given hole can
hop in the Y direction only if it leaves behind an excited pla-
quette in the given stripe. Since the kinetic energy decreases
by ∼ t for each hole that can hop in the Y direction, this
process happens spontaneously for t ≫ J4, and there remain
an even number of excited plaquettes in each stripe around
each hole. Due to the relations
∏
P∈ηWP = (−1)h+q and∏
P∈µWP = (−1)q, this means that any hole with quantum
numbers other than h = 0 and q = 0 is unstable against a
spontaneous decay into a hole with quantum numbers h = 0
and q = 0. Note that this result remains valid away from
the isolated dimer limit and in the case of t ≫ 1 when the
fermions are also fluctuating. Holes with quantum numbers
h = 0 and q = 0 are then energetically favorable because
their hopping is the least constrained in the Y direction.
In conclusion, the quantum numbers h, q, and p generalize
beyond the regime of slow hopping, but they are valid only
for smaller hole densities due to the clouds of fluctuating ex-
citations around holes. Furthermore, any hole with quantum
numbers other than h = 0 and q = 0 is unstable against a
spontaneous decay into a hole with quantum numbers h = 0
and q = 0. This means that all holes in the ground state have
quantum numbers h = 0 and q = 0, and that the ground
state is identical to that in the case of J8 ≪ t ≪ J4. The
only difference is that there are clouds of fluctuating excita-
tions around each hole. Importantly, when the hole density
becomes ρ & R−2P,f , the clouds of fluctuating fluxes (fermions)
around different holes merge, and the holes hop in an entire
lattice of fluctuating fluxes (fermions).
IX. COMPARISON WITH MEAN-FIELD RESULTS
A. Holes in the parton description
We now discuss the relation between our exact results for
the Kitaev honeycomb model with mobile holes and the cor-
responding mean-field results in Ref. 23. In their description,
the physical operators c(†)l,↑ and c
(†)
l,↓ that annihilate (create) a
spin-up and a spin-down particle at site l, respectively, are ex-
pressed in terms of the fermionic spinon operators f (†)l,↑ and
f
(†)
l,↓ and the bosonic holon operators b
(†)
l,1 and b
(†)
l,2 . The re-
sulting relations between the physical operators and the parton
(holon and spinon) operators can be summarized in the matrix
form Cl = Fl ·Bl/
√
2, where the physical-operator matrix is
Cl =
(
cl,↑ −c†l,↓
cl,↓ c
†
l,↑
)
, (67)
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while the spinon-operator and the holon-operator matrices are
Fl =
(
fl,↑ −f†l,↓
fl,↓ f
†
l,↑
)
, Bl =
(
b
†
l,1 −bl,2
b
†
l,2 bl,1
)
. (68)
Importantly, the physical-operator matrix Cl is invariant un-
der the combined gauge transformation Fl → Fl · Gl and
Bl → Gl · Bl for any Gl ∈ SU(2). Since a physical state
should also be invariant under such an SU(2) gauge transfor-
mation at any site l, it must satisfy Kαl = 0 for all SU(2)
generators Kαl with α = {x, y, z}. If the spinon operators
are related to the Majorana fermions introduced in Sec. III C
by fl,↑ = (cl + ibzl )/2 and fl,↓ = (ibxl − byl )/2, these SU(2)
generators take the form [see Eq. (20) in Ref. 23]
Kαl =
i
4
bαl cl−
i
8
∑
α1,α2
ǫ˜αα1α2b
α1
l b
α2
l −
1
2
∑
ζ1,ζ2
bl,ζ1 σ˜
α
ζ1ζ2b
†
l,ζ2
,
(69)
where σ˜α are the Pauli matrices, ǫ˜ is the completely antisym-
metric tensor, and the summations are over α1,2 = {x, y, z}
and ζ1,2 = {1, 2}. For a single site l, there are only three
physical states: the empty hole state |×l〉, the spin-up particle
state | ↑l〉, and the spin-down particle state | ↓l〉. The pro-
jection of any state in the parton description onto the physical
subspace with Kαl = 0 is then a superposition of |×l〉, | ↑l〉,
and | ↓l〉. In terms of the parton operators, these three physical
states are given by [see Eq. (18) in Ref. 23]
|×l〉 = 1√
2
(
b
†
l,1 + b
†
l,2f
†
l,↑f
†
l,↓
)
|0l〉,
| ↑l〉 = c†l,↑|×l〉 = f†l,↑|0l〉, (70)
| ↓l〉 = c†l,↓|×l〉 = f†l,↓|0l〉,
where |0l〉 is the vacuum of the parton operators that is defined
by fl,↑|0l〉 = fl,↓|0l〉 = 0 and bl,1|0l〉 = bl,2|0l〉 = 0. Note
that these three states are indeed physical because they satisfy
Kαl |×l〉 = Kαl | ↑l〉 = Kαl | ↓l〉 = 0 for all α = {x, y, z}.
Before investigating the mean-field treatment, we consider
a single stationary hole and aim to make a connection between
its parton description and its internal quantum numbers h, q,
and p. In the isolated dimer limit, there is an effective two-
site system around the hole consisting of the hole site l and
the neighboring site l′ = z(l). We assume l ∈ A without
loss of generality. Since there is a hole at site l and there is
no hole at site l′, one holon is excited at site l and no holon
is excited at site l′. Due to the four spinons at sites l and l′
that are either excited or not and the two holons at site l from
which exactly one is excited, the Hilbert space of the two-site
system in the parton description is then 32 dimensional. How-
ever, the physical Hilbert space of the two-site system is only
2 dimensional because it is spanned by the two physical states
|×l〉 ⊗ | ↑l′〉 and |×l〉 ⊗ | ↓l′〉. This means that the projec-
tion of any state in the parton description onto the subspace
with Kαl = Kαl′ = 0 is a superposition of these two physical
states. Since the effective Hamiltonian of the two-site system
is H = −bzl bzl′clcl′ , its ground state has expectation values
〈ibzl bzl′〉 = 〈−iclcl′〉 = ±1. In fact, there are 16 such ground
states in the parton description that take the form
∣∣Ψr1,r2ζ,± 〉 = (1∓ if†l,↑f†l′,↑) (f†l,↓)r1(f†l′,↓)r2b†l,ζ(|0l〉 ⊗ |0l′〉)
=
[
(f†l,↓)
r1b
†
l,ζ |0l〉
]
⊗
[
(f†l′,↓)
r2 |0l′〉
]
(71)
∓ i
[
f
†
l,↑(−f†l,↓)r1b†l,ζ |0l〉
]
⊗
[
f
†
l′,↑(f
†
l′,↓)
r2 |0l′〉
]
,
where ζ = {1, 2} and r1,2 = {0, 1}. On the other hand, the
projection of the ground state |Ψr1,r2ζ,± 〉 onto the subspace with
Kαl = Kαl′ = 0 is non-zero only if the overlap of |Ψr1,r2ζ,± 〉 is
non-zero with either of the two physical states |×l〉 ⊗ | ↑l′〉 or
|×l〉 ⊗ | ↓l′〉. For ζ = 1, we must choose r1 = 0 and r2 = 1,
in which case the first term in Eq. (71) has a non-zero overlap
with |×l〉 ⊗ | ↓l′〉. For ζ = 2, we must choose r1 = 1 and
r2 = 0, in which case the second term in Eq. (71) has a non-
zero overlap with |×l〉 ⊗ | ↑l′〉. This means that the choice
of exciting either b†l,1 or b
†
l,2 at the hole site l before the pro-jection determines the local magnetization at the neighboring
site l′ = z(l) after the projection. We therefore conclude that
these two different choices correspond to different plaquette
quantum numbers p = {0, 1}.
Since the two-site system around the hole has only two
physical states that are distinguished by the plaquette quan-
tum number p, the remaining quantum numbers h and q are
necessarily determined by the spinons around the hole site. In
the regime of slow hopping, the definitions of these quantum
numbers in Sec. V B are straightforward to express in terms of
the Majorana fermions bαl and cl, or equivalently, in terms of
the spinon operators f (†)l,↑ and f
(†)
l,↓ . Beyond the regime of slow
hopping, the exact expressions become more complicated, but
the general principle remains the same. For our purposes, it
is enough to establish an intuitive picture from the general
principle by using the interpretation in which the various hole
types with different quantum numbers h and q have different
kinds of elementary excitations bound to them. This interpre-
tation has a simple translation in the parton description: some
of the spinons around the hole site are bound to the holon at
the hole site, and the quantum numbers h and q are in turn
determined by the structure of these bound spinons.
B. Mean-field treatment of the model
In the mean-field treatment of Ref. 23, the Hamiltonian of
the model is first expressed in terms of the parton operators
and then subjected to an appropriate mean-field decomposi-
tion. As a result of this treatment, the mean-field Hamiltonian
of the model with a small density ρ≪ 1 of mobile holes takes
the form [see Eqs. (24) and (25) in Ref. 23]
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H˜ =
∑
l∈A
∑
α=x,y,z
{[
Jαu
α
α −
t
4
2∑
ζ=1
(
wζα + c.c.
) ]
iclcα(l) −
∑
α′=x,y,z
[
Jαδα,α′vα +
t
4
2∑
ζ=1
(
wζα + c.c.
) ]
ibα
′
l b
α′
α(l)
+
t
4
[
vα −
∑
α′=x,y,z
uα
′
α
] 2∑
ζ=1
[
ib†l,ζbα(l),ζ + H.c.
]}
+
∑
l
∑
α=x,y,z
β˜αl Kαl − µ˜
∑
l
2∑
ζ=1
b
†
l,ζbl,ζ , (72)
where uα′α , vα, andwζα are the respective expectation values of
the generalized bond fermion operators uˆα′α ≡ ibα
′
l b
α′
α(l), the
generalized matter fermion operators vˆα ≡ −iclcα(l), and the
holon coherence operators wˆζα ≡ ib†l,ζbα(l),ζ . The constraint∑
l
∑
ζ〈b†l,ζbl,ζ〉 = 2Nρ for the total number of holes is en-
forced by the chemical potential µ˜, while the softened gauge
constraint 〈Kαl 〉 = 0 is enforced by the Lagrange multiplier
β˜αl for all l and α. Importantly, the mean-field Hamiltonian in
Eq. (72) is an extension of that in Ref. 23. It is applicable to
the gapped phase of the model, where the coupling strengths
Jα are different: Jz = 1 and J ≡ Jx = Jy ≪ 1.
The mean-field Hamiltonian in Eq. (72) can be solved by
a self-consistent procedure in terms of the expectation values
uα
′
α , vα, and wζα. In the absence of holes (ρ = 0), there is a
coupling of strength Jα between the bond fermion expectation
value uαα and the matter fermion expectation value vα along
each bond of α type. Keeping only the lowest-order terms in
J ≪ 1, the self-consistent solutions for these expectation val-
ues are uαα = vz = 1 and vx = vy = J/2. Note that the
same expectation values are obtained from the exact solution
of the model in Sec. III. In the presence of holes (ρ > 0),
the holons all condense into their lowest-energy state at zero
momentum, and hence the holon coherence expectation val-
ues are wζα ∼ ρ. This means that the original terms Jαuαα
and Jαδα,α′vα in the first two square brackets of Eq. (72) are
in competition with new terms on the order of tρ. The ex-
pectation values uαα and vα for ρ > 0 are then close to those
for ρ = 0 as long as these new terms are negligible with re-
spect to the original terms. In particular, the bond fermion
expectation values uxx and uyy remain close to 1 as long as
tρ ≪ Jx,yvx,y ∼ J2, while the bond fermion expectation
value uzz and the matter fermion expectation value vz remain
close to 1 as long as tρ≪ Jzvz, Jzuzz ∼ 1.
C. Discussion of ground-state properties
We are now ready to make a comparison between the mean-
field ground state obtained from Eq. (72) and the exact ground
state discussed in Secs. VII A and VIII. Although there are
general trends in the phase diagram of the model that are com-
mon to both approaches, this comparison reveals several in-
teresting discrepancies between the exact description and the
mean-field treatment. In particular, there are two significant
discrepancies concerning the internal degrees of freedom and
the particle statistics of mobile holes.
The most important result of our exact study is that each
hole has three internal degrees of freedom and that it can be
characterized by three corresponding quantum numbers h, q,
and p. The quantum number p describes a local magnetization
around the hole, while the quantum numbers h and q capture
the possibility of an elementary excitation (flux or fermion)
being bound to it. The parton description in Ref. 23 incorpo-
rates the quantum number p via the introduction of two dis-
tinct holon species (see Sec. IX A). However, the mean-field
treatment is unable to represent the quantum numbers h and q:
it ignores the possibility of bound states between holes and el-
ementary excitations as it inherently neglects any correlations
between these independent degrees of freedom.
In the regime of slow hopping, it is straightforward to ver-
ify explicitly that all holes in the mean-field ground state have
quantum numbers h = 0 and q = 0 as they have no elemen-
tary excitations bound to them. Since t ≪ J4 and ρ ≪ 1 in
this regime, the conditions tρ ≪ J2 and tρ ≪ 1 are both sat-
isfied, and hence the mean-field expectation values uαα and vα
for ρ > 0 are close to those at ρ = 0. On the other hand, these
expectation values are the same as those obtained from the
exact solution of the undoped model. Since the exact ground
state of the undoped model is free of elementary excitations by
definition, the mean-field ground state of the doped model has
no elementary excitations either. Note that the quantum num-
bers of the mean-field ground state are then consistent with
those of the exact ground state in the case of J8 ≪ t ≪ J4
but not in the case of t≪ J8 (see Sec. VII A).
The particle statistics of the various hole types are further
important results of our exact study. Unsurprisingly, the par-
ticle statistics depends on the quantum numbers h and q as
the binding of an elementary excitation can lead to a statis-
tical transmutation. Since only bare holes with h = 0 and
q = 0 are captured by the mean-field treatment, the relevant
comparison is between the bare holes of the exact description
and the holons of the mean-field treatment. We find a remark-
able discrepancy in this respect: the bare holes of our exact
study are fermions, while the holons of the parton description
in Ref. 23 are bosons. It would then be interesting to resolve
this discrepancy by considering a fermionic analogue of the
mean-field treatment in Ref. 23. For example, an appropriate
transformation between spinful bosons and spinful fermions28
could be used to relate the two species of bosonic holons and
the fermionic bare holes with p = {0, 1}. Alternatively, it is
natural to ask how an analysis going beyond the mean-field
saddle point could provide the correct statistics.
Beyond the regime of slow hopping, we can compare the
evolution of the mean-field ground state as a function of t, J ,
28
and ρ with our picture of the exact ground state where holes
are surrounded by clouds of fluctuating excitations. In the
mean-field treatment, there are two important characteristic
scales of tρ. First, the bond fermion expectation values uxx,
uyy, and uzz are all close to 1 only for tρ ≪ J2, and flux exci-
tations then start appearing at (tρ)P ∼ J2. Second, the matter
fermion expectation values vz are close to 1 only for tρ ≪ 1,
and fermion excitations then start appearing at (tρ)f ∼ 1. In
the language of the exact description in Sec. VIII, the critical
value (tρ)P,f corresponds to the critical density at which the
fluctuating fluxes (fermions) around different holes merge. If
we assume that our upper bounds on the excitation cloud radii
are good estimates so that RP ∼
√
t/J4 and Rf ∼
√
t, the
corresponding critical values from Sec. VIII are (tρ)P ∼ J4
and (tρ)f ∼ 1. These results have a simple interpretation:
each kind of excitation starts appearing when the kinetic en-
ergy density tρ reaches its excitation energy. However, by
using this interpretation, we obtain inconsistent values for the
flux excitation energy as it is EP ∼ J4 in the exact descrip-
tion and EP ∼ J2 in the mean-field treatment. The reason for
this inconsistency is that flux excitations do not appear explic-
itly in the mean-field treatment but instead are decoupled as
independent bond fermion excitations.
At the isotropic point of J = 1, for which the mean-field
theory in Ref. 23 is devised, the regime of slow hopping is
unattainable for any hopping amplitude due to the existence
of gapless fermionic excitations. It is then not a priori pos-
sible to think of each hole as possessing well-defined internal
degrees of freedom.15 The innocuous choice of a quasiparticle
representing the hole can be non-obvious due to the intricate
many-body problem posed by the detailed hole dynamics, and
in the most extreme scenario, it can even become ill-defined
as the coupling between the hole and the gapless excitations
renders the quasiparticle description problematic in itself. It
is a natural extension of our present work to consider a single
isolated hole in the gapless phase of the model and discuss its
potential quasiparticle representation along with any internal
degrees of freedom possessed by it.
X. SUMMARY AND OUTLOOK
In this work, we presented a thorough and controlled mi-
croscopic study of slow mobile holes hopping in the spatially
anisotropic (Abelian) gapped phase of the Kitaev honeycomb
model. We found that the mobile holes in the model have in-
ternal degrees of freedom as they can bind the fractional exci-
tations of the model and that the resulting hole types with dif-
ferent fractional excitations bound to them are fundamentally
different in terms of their single-particle and multi-particle
properties. We now conclude the paper with two suggestions
for the future direction of this research.
The interest in doped topological states is in part due to their
identification as possible candidates for high-temperature
superconductors.2,3 If Cooper pairs are formed by extra elec-
trons or missing electrons (holes) in such a doped topological
state, the condensation of these Cooper pairs can lead to su-
perconducting behavior. As discussed briefly in Sec. V C, the
holes in the Kitaev honeycomb model form bound pairs if the
Coulomb repulsion is strong enough to counteract phase sep-
aration but not strong enough to counteract pair formation. It
is then natural to ask what kind of internal degrees of freedom
these hole pairs possess and what their manifestations are in
the superconducting behavior of hole pairs. Furthermore, the
question of superconductivity is of central importance in the
complementary mean-field works.22,23 Consequently, an exact
study of hole pairs could further clarify the relation between
the exact description and the mean-field treatments.
The binding of fractional excitations by mobile holes is in-
teresting in part because it provides a controlled way of in-
troducing fractional particles into the model and manipulating
the resulting quantum state by exploiting the anyonic statistics
of these fractional particles.27 Importantly, the Kitaev hon-
eycomb model has even more exotic fractional excitations
in its spatially isotropic (non-Abelian) gapped phase.13 It is
then natural to expect that these fractional excitations with
non-Abelian anyonic statistics can also be bound to mobile
holes and that the properties of the resulting fractional parti-
cles would be interesting to explore.
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